SYNTOMIFICATION AND CRYSTALLINE LOCAL SYSTEMS

DYLAN PENTLAND

ABSTRACT. Let p be a prime, and let X be a smooth p-adic formal scheme over Spf Ok
where K/Q, is a finite extension. We show that reflexive sheaves on the stack XY are
equivalent to Z,,-lattices in crystalline local systems on the rigid generic fiber X,,, and then
use this to study the essential image of the étale realization functor on the isogeny category
of perfect complexes on X5, We also show when X/ Spf O is smooth and proper that
Perf(X5Y%)[1/p] is equivalent to a category of admissible filtered F-isocrystals in perfect

complexes.
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1. INTRODUCTION

Let K/Q, be a finite extension with residue field k, and let Repg;S (G ) denote the category
of crystalline Galois representations in Q,-vector spaces of G := Gal(K /K). In [Kis06]
Kisin gave a fully faithful functor

De : Repz®(Gx) — Modg

to the category Modg of Breuil-Kisin modules over & = W(k)[uo] and characterized the

essential image.
1
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A prismatic variant of this result was proven by Bhatt-Scholze. Let Vect?((Spf Ok) ,O )
denote the category of prismatic F'-crystals as defined in [BS23].

Theorem 1.1 (Bhatt-Scholze, [BS23]). Let K/Q, be a finite extension. Then there is a sym-
metric monoidal equivalence

Te : Vect?((Spf Ok) ,0 ) — Repg;s(GK).
Moreover, the diagram

Tey

~

Vect?((Spf Ok) ,0 )

; Rep%;S(GK)

De
©
Modg

commutes, where ev is the evaluation functor on the Breuil-Kisin prism (S, E(uy)).

Viewing this as a type of Riemann-Hilbert equivalence, it is natural to ask whether or not it
admits a derived variant. In [Bha22], Bhatt-Lurie define a stack X associated to a p-adic
formal scheme X. Similar to previously constructed stacks such as X in [BL22b], a central
idea is that R['(X®™ O{i}) produces the syntomic cohomology RI'sy, (X, Z,(3)).

Let X,, denote the rigid generic fiber of X, and define DY) (X,), Z,) to be the full subcategory

lisse
of Dprost (X, Zp) consisting of locally bounded derived p-complete objects whose mod p
reduction has cohomology sheaves that are locally constant with finitely generated stalks.
Bhatt-Lurie construct a t-exact étale realization functor

Te : Perf(X) — DY) (X, Z,)

lisse

utilizing the equivalence in Corollary 3.8 in [BS23].

In the case of a point, they extend the result of Bhatt-Scholze to the derived setting after
rationalization by integrally lifting prismatic F’-crystals to (’)?g“.

Theorem 1.2 (Bhatt-Lurie, [Bha22]). Let £ € Perf(O™). Then for all i, H(T&(E)) is
crystalline.

Moreover, there is a subcategory of reflexive sheaves Refl(O3™) C Coh(OP™) on which Te,
induces an equivalence Refl(O}™) ~ Repczr;S(GK).

Restriction to the substack O induces an equivalence
Refl(OP™) ~ Vect?((Spf Ok) ,O ).

The functor T factors through this restriction, and so the equivalence is compatible with
the result of Bhatt-Scholze (and hence also with [Kis06]). In [Bha22], it is speculated that
this result generalizes past a point in Remark 6.6.1, which is the first main result. In what
follows, as in the notation section we assume X is smooth and quasicompact.



SYNTOMIFICATION AND CRYSTALLINE LOCAL SYSTEMS 3

Theorem A (Theorem 3.18). For £ € Perf(X™™) we have
H' (T (€))[1/p] € Locg; (X,)

for all i. Moreover, there is a subcategory of reflexive sheaves RefI(XSy‘f) C Coh(X5Y) (see
Definition 3.1) on which Ty, induces an equivalence Refl(X>") ~ Locz *(X,).

The second assertion also holds without a quasicompactness assumption (which is only
introduced to control isogeny categories). In [GL23], Guo-Li already partially answered
this question. By combining with the main result of Guo-Reinecke ([GR24]) they produce
a fully faithful functor

Iy : LocC“S(Xn) — Coh(X5¥) = Perf(X5¥)¥

such that T (IIx(£)) ~ £. What remains is to characterize the essential image in a way
analogous to the case of a point. We show the essential image of this functor is Refl(X*"),
the subcategory of reflexive objects in Coh(X5"). This alternate description easily implies
the first part of the theorem, as well as the following corollary deduced by understand-
ing Coh(X5")[1/p]. In what follows, the same remark about how we interpret isogeny
categories applies when X is not quasicompact.

Corollary 1.3 (Corollary 4.1). The t-exact functor
n ct 1/ }
Perf(X5™)[1/p] <=5 Dy (X, Z,)[1/]

induces an equivalence Coh(X5)[1/p] ~ LocC”s(Xn) on the heart. The essential image of
Tet[1/p] contains the essential image of
D*(Locgy (X)) = Die(X, Zp)[1/7);

and is contained in the full subcategory ofDl(ibS)Se (X, Z,,)[1/p] where every cohomology sheaf
is crystalline.

In fact, all these inclusions are in general strict inclusions as explained in Remark 4.2. This
corollary allows us to deduce a variant of the C,;s conjecture later in Corollary 4.6. In
future work, the author aims to understand the essential image of T¢; on coherent F'-gauges
without inverting p.

It is desirable to have a more explicit description of the category Perf(X")[1/p]. In the
case of X = Spf Z,, it is shown in [Hau24] that

Perf(Ziyn)[l/p] Db(RepC“S(G L))

One may also interpret this, using Colmez-Fontaine’s equivalence RepC”S(GQp) ~ MF§™
in [CF00] between crystalline Galois representations and filtered F'-isocrystals, as an equiv-
alence Perf(Z5")[1/p] ~ DP (MF§'™). This statement is what generalizes; it is the second
main result.
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Theorem B (Theorem 4.23). Assume that X/ Spf Ok is smooth proper. Then there is an
equivalence of categories

Perf(Xsy“)[l/p] ~ Perffﬁfﬁ;w (X).

Here Perf e (X) is as in Definition 4.17, and the superscript adm denotes the full subcategory
of objects with admissible cohomologies (as in Definition 4.18).

While we initially define Perfg,.»(X) using formal stacks, we show there is an explicit
description of this category using D-modules. One might be tempted to generalize Hauck’s
result to general X by trying to relate Perf (X5V")[1/p] to Db(Locgf(X”)); we show that in
Example 4.7 this already fails for P! due to a failure of full faithfulness and we expect that
it rarely works outside of the case of Spf Ok, where we confirm it indeed generalizes this
way (Proposition 4.14). As a positive result in this direction, in the category Db(LocCQrf (Xy))
the RHom would be computed by crystalline extension groups. The following result shows
this still holds in a limited sense.

Proposition 1.4 (Proposition 4.3). Assume X is smooth and quasicompact over Spf Ok and
let £ € Coh(X5¥™). Then the étale realization induces an isomorphism

Héyn(Xa 8) [1/p] = EXt}_oc%?(X“(QP? Tét (8) [1/p])

In particular, if X = Spf Ok then H§, (X, £)[1/p] = Hj (G, Ts(E)[1/p]) where H}; denotes
the Bloch-Kato Selmer group.

Overview of the proofs. To make sense of our results, we first need to set up some general
theory about ¢-structures on Perf(X®'") and coherent sheaves which is done in §2.2. For
Theorem A, we first show the second part of the theorem that Refl(X5?) ~ Loc%;S(Xn).
The first step in this argument is to analyze the kernel of the étale realization in §3.1. We first
show that prismatic F'-crystals in the kernel of the étale realization are p-torsion. The main
difficulty in deducing the claimed kernel of the étale realization in Theorem 3.5 is showing
the same claim for ['-gauges, namely that F'-gauges in the kernel of T are also p-torsion.
This is done by adapting the method of [Bha22] by constructing a graded connection on the
Nygaard associated graded. We then show that Guo-Reinecke’s category Vect™™?(X ,O )
can be viewed as reflexive objects in coherent prismatic F-crystals (using §3.1). Using Guo-
Li’s functor ITx from [GL23] to lift these to sheaves on X5¥*, we then use §3.1 again to show
the output is reflexive (one must also verify coherence first, as their definition differs and
does not use the stack). We can then deduce the first part of Theorem A from the second
part.

For Theorem B, we use Theorem A to deduce Corollary 4.1 which is used to deduce the
essential image in Theorem B (by using the statement about the heart). Full faithfulness is
the main difficulty, which is shown using a variant of the Beilinson fiber square over Oy
with coefficients (see [AMMN22]). The key input for this is a cohomology calculation on
O?Q’n using the methodology of [AKN24]. Similar squares appear in [Hau24] and [Dev25],
but restrict either to X/ Spf Z,, smooth or work relative to the ¢g-de Rham prism instead
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of the Breuil-Kisin prism and so cannot be used to deduce Theorem B for smooth proper

X/ Spf OK.

Notation. Throughout, we fix a finite extension K/Q, with residue field £ and ring of in-
tegers Ok. We write X for a smooth and quasicompact p-adic formal scheme over Spf O,
and X,/ Spa K for its rigid generic fiber. We will adopt the conventions of [Bha22] for the
various stacks X% XNv& X etc. We write X for the absolute prismatic site of X, and O
for its structure sheaf. We use (—){* to denote derived I-adic completion (and similarly for
p). We also use the slightly nonstandard term “flat-local surjection” in the sense of Defini-
tion 2.4 to mean a map which is locally surjective in the fpqc topology; this notion suffices
for the descent results we need. All categories are regarded as (0o, 1) categories, although
these will not play an essential role in the paper. We use cohomological shift conventions
everywhere.

cris

For a smooth p-adic formal scheme X/ Spf O, we set Locz *(X;) to be the category of
pro-étale crystalline Zp—local systems as in Definition 2.31 of [GR24]. We write LocgipS (X,)

cris

for the isogeny category Locy *(X,) [1/p] (so in particular they always admit a lattice), and
in general use (—)[1/p] when applied to a Z,-linear category to denote its isogeny category.
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couragement, and Kush Singhal, Bhargav Bhatt, Maximilian Hauck, Sasha Petrov, Oak-
ley Edens, and Daishi Kiyohara for useful conversations. We hope the intellectual debt to
[Bha22] is clear to the reader. The author would like to thank Peter Scholze for pointing
out an error in an earlier version of Corollary 4.1.

This work was supported by the NSF GRFP program under Grant No. DGE 2140743.

2. PRELIMINARIES

2.1. Stacks. In [Dri24] Drinfeld introduced the formal stack’ Z,,, and later in [BL22b] this
was extended to the relative prismatization (X/A) and the absolute prismatization X for
p-adic formal schemes X. As we will only ever need p-adic formal schemes which are at
worst quasisyntomic, we will make definitions in this generality.

We first recall the definition of the absolute prismatization, using the definition of a Cartier-
Witt divisor ([BL22a] Definition 3.1.4). The functor assigning a p-nilpotent ring R to the
groupoid of Cartier-Witt divisors gives a stack Z,,, and the construction assigning a Cartier-
Witt divisor o : I — W(R) to the derived quotient W(R) = W(R)/I gives a stack G, —
Z,. Carrying out transmutation, one arrives at the following definition.

Definition 2.1 ([BL22b], Definition 3.1). Let X be a quasisyntomic p-adic formal scheme. The
absolute prismatization X is the formal stack sending a p-nilpotent ring R to the groupoid of

pairs (a : I — W(R),n : Spec W(R) — X) where « is a Cartier-Witt divisor.

By a formal stack X we will always mean an accessible sheaf R — X(R) for flat (fpqc) topology on
p-nilpotent rings valued in groupoids.
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In this generality, as shown in [BL22b] Theorem 6.4 we know that RI'(X | Q) computes the
prismatic cohomology of X. We note also that Theorem 6.5 of loc. cit. shows that D (X )
is the category of prismatic crystals in quasicoherent sheaves.

In [Bha22], the additional stacks X¥8 and X% are defined, which have similar proper-
ties. Namely, following Drinfeld in [Dri24] the notion of a filtered Cartier-Witt divisor is
introduced in [Bha22] Definition 5.3.1. Analogously, Zgy & sends a p-nilpotent ring R to the
groupoid of filtered Cartier-Witt divisors d : M — W over R. The construction sending a
filtered Cartier-Witt divisor d : M — W to

(W/M)(R) := RI'(SpecR, W/M)

produces an animated W-algebra stack GYv& — Zgy 8. Transmutation provides the follow-
ing general definition.

Definition 2.2 ([Bha22], Definition 5.3.10). Let X be a quasisyntomic p-adic formal scheme.
The absolute Nygaard-filtered prismatization XNV is the formal stack sending a p-nilpotent
ring R to the groupoid of pairs (d : M — W, n : Spec(W/M)(R) — X) where d is a filtered
Cartier-Witt divisor.
The stack X8 comes with two maps

Jar, jur : X — XNE

defined via transmutation from [Bha22] Constructions 5.3.5 and 5.3.2.

Finally, we will primarily be dealing with the stack X" In [BL22a] Construction 7.4.1, the
definition of syntomic cohomology RI'sy, (X, Z, (7)) is given as the fiber

p{i} — can : Fily,, x{i} = x{i}.
Here, p{i} is the ith divided Frobenius. This construction can be realized in the stacky

perspective by defining X" as the pushout in formal stacks

I

X —1— X5

as in [Bha22] Definition 6.1.1. This pushout is in particular a coequalizer. We will use
several times that the map Xv& — X5 is étale.

The map jqr corresponds to can, while jyr corresponds to . One may deduce that
j*
De(X®) = eq(Dge(X8) =3 De(X )
It

and in particular on cohomology we get a natural exact triangle

RT(XS™, &) — RI(XVE j3. &) TR RP(X | j€)

Nyg
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where jxye and j are as in the pushout square defining X®". Using Example 6.1.8 in
[Bha22], putting & = O{i} we recover the definition in [BL22a].

As pointed out in Remark 6.3.4 in [Bha22], the category Perf(X") admits a restriction
functor yielding perfect prismatic F-crystals. We use Perf?(X |, O ) to refer to prismatic
F-crystals in perfect complexes as defined in [GL23] §3.1. We will often use the following
observation from [Bha22].

Lemma 2.3 (Remark 6.3.4 in [Bha22]). Restriction to X gives a functor
Perf(X5) — Perf?(X ,0 ).

This will be useful for us since the construction of the étale realization factors through
this restriction functor, so many arguments may be reduced to arguments about prismatic
F-crystals.

2.2. Coherent sheaves. We will also need a theory of coherent sheaves for X5 when
X/ Spf Ok is smooth. One possible definition is given in [GL23], but it is likely not the
same as the natural category to associate using the stacky approach to F'-gauges. In this
subsection we will use an approach which is closer to how [GL23] treats defining coherent
prismatic F-crystals but adapted to X% and X,

We will first show that when X/ Spf O is smooth that Perf(X") comes equipped with a
natural ¢-structure. To do so, we will need to use flat-local surjections. However, we note
that we do not mean a flat covering of stacks. Rather, we use the following slightly weaker
notion which suffices for descent.

Definition 2.4. Let X — Y be a map of p-adic formal stacks in the flat topology. Then we
say X — Y is a flat-local surjection if it is surjective locally in the flat topology.

This differs from the usual notion of a flat covering of p-adic formal stacks, which would ask
that the map is representable and the pullback along Spec R — Y for a p-nilpotent ring
R induces a flat covering of Spec R. We will distinguish this second stronger notion by
calling the map a flat cover of formal stacks.

This notion is sufficient for most results. Indeed, it suffices if we want to deduce descent
for Dyc(—), Perf(—), and Vect(—). This property is sufficient to deduce that X — Y is an
effective epimorphism in the topos of flat sheaves, which means Y ~ colim X*¥(~) where
X*¥(=) are the terms of the Cech nerve. See [HP24] Appendix B for a proof of this result.
Since D.(—), Perf and Vect(—) are sheaves for the flat topology, the desired claim follows.
Here we use that finite presentation is a flat local condition.

Lemma 2.5 ([BL22b] Lemma 6.3). Let X — Y be a quasisyntomic cover of quasisyntomic
p-adic formal schemes. Then X — Y is surjective locally in the flat topology.
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Remark 2.6. One can upgrade this claimto X — Y being a flat covering of formal stacks
as in Proposition 2.19. We will largely not need this, as for many arguments the notion of
a flat-local surjection is easier and suffices.

To define a t-structure on Perf(X5), we will pick Rees stacks as flat-local surjections and
show that the ¢-structure is independent of the choice we made.

Definition 2.7. Let (A, 1) be a prism. The completed Rees stack Reesie (A) is defined as the
stack

SpE(ED(Filie A)t ), 1)/ G

i€Z
wheret is given degree 1. We endow the graded ring (EBZ-GZ(Fili.A)t_i)@)J) with the (p, 1)-adic
topology.

When I = (d), we have
Reespe (A) ~ (Spf Au, t)/(ut — d))/ G
where deg(t) = 1,deg(u) = —1.

Analogously to how [GL23] defines coherent prismatic F-crystals, we use Breuil-Kisin
prisms to construct coherent F-gauges.

Proposition 2.8 ([GL23] Proposition 3.7, Corollary 3.6). Let X/ Spf Ok be a smooth affine
formal scheme. Let R be a choice of smooth lift of the special fiber X/ Spec k to W(k) and

E(uo) an Eisenstein polynomial for a uniformizer m € Q. Then there is a prism

(A1) = (R[uo], E(uo))

such that Spf A/1 >~ X, and (A, I) covers the final object * € Sh(X ). Moreover the Frobenius
on A is finite, quasisyntomic, and faithfully flat.

Given such a prism (A, I), there is a natural cover we can produce. In what follows, A ig
the Frobenius twist A ®4 , A with the relative Frobenius sending a ® b — ¢(a)b. We also
use the symbol (1) to denote the Frobenius twist of prismatic cohomology when applicable,
as well as ¢* for clarity in some situations.

Proposition 2.9. Assume that X is a smooth affine formal scheme over Spf Ok, and (A, 1)
is a Breuil-Kisin prism such that X ~ Spf(A/I). Then

pa : Reespe (A) — XNve
is a flat-local surjection. There is also a flat-local surjection
Pl ReesFﬂl-\Iyg(A(l)) — XMe

where the Nygaard filtration is defined as Filf\Iyg = {z € AW : p(z) € I'A}.
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Proof. This is Remark 5.5.19 in [Bha22] for the first item. For the second item there is a map
¢ : Reesie(A) — Reespig, (A1)

induced by ¢ : A®) — A (which is faithfully flat in this case). In fact the Rees algebra in
the target is simply the base change A ®, A(u,t)/(ut — d) if I = (d). The map p will
then factor as p/y o ¢ — in the quasiregular semiperfectoid case this is easy to see (by virtue
of the computation of RNY& for R quasiregular semiperfectoid in [Bha22] as Reespiig R
where the Nygaard filtration on g has Fil' = {x € g :¢(z) € I' g} where I is the pris-
matic ideal of ), and we can deduce the general factorization from this by quasisyntomic
descent and computing Cech nerves. U

In general, one may use the construction of Remark 5.5.19 in [Bha22] to give a map pa :
Reesre (A) — X when X/ Spf A/I and I is principal. We may perform the same factor-
ization to also produce p/y : ReesFﬂ-Nyg(A(l)) — Xv&_ and alternatively one may also write
down an explicit Cartier-Witt divisor as in [LM25] Construction 1.1.6.

We may produce relative Nygaard stacks for X/ Spf(A /I) for a prism (A, I) with I principal,
which we define via the Cartesian square

(X/A)NE —y XNe

Lo

Reespyg, AW AL (A/T)NvE

for a prism (A,I) € X . This is generalized to work relative to § pairs in [LM25] Remark
1.1.10. The cohomology of this stack computes Nygaard filtered relative prismatic coho-
mology via applying R,.

When X = Spf A/I = Spf A, the syntomic stack of X relative to A appears as a pushout

Spf A LI Spf AW 2 Reospye  (AW)

| e

Spf AM d (A/A)S¥m

The map jyr is given by Spf AV — Spf A ~ (@, 1t77) /G, — ReesFﬂI-Wg(A(l)), where
the first map is induced by extension of scalars, the second map is induced by the filtered
Frobenius. The map jgr is the inclusion of the ¢ # 0 locus. This pins down the general

definition of the relative syntomic stack as the pushout of formal stacks

P (X/A) Ut (X/A) " (XA

IR

PU(X/A) T (X/A)P
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where the morphisms jqgr, jur of relative stacks are induced by the morphisms of absolute
stacks and the morphisms from the previous square. Here, we use ¢* to mean that as a
stack over Spf A we perform base change along Spf A() — Spf A. This construction is a
stacky variant of the relative syntomic cohomology in [AKN23].

Lemma 2.10. Suppose that x4 is discrete. Then we have a canonical identification

(X/A)™% = Reespig,, )a.

Proof. This is essentially an easier version of an argument identical to [Bha22] Theorem
5.5.10, so we will omit some details in what follows. Since the prismatic cohomology is
discrete one may produce a map of stacks

n:(X/A)NE Reespig, gg/) A

exactly as in step 3 of the proof. We have a structure map 7 : (X/A)Nve — R,eeSFﬂl'\]ygA(l).
Using the description of cohomology on this stack (again by a similar argument as in
[Bha22] Theorem 5.5.10 Step 2) we see for X/ Spf A /I smooth that RO x/a)xvs is iden-
tified with Nygaard filtered prismatic cohomology under the Rees dictionary as a sheaf
on ReeSFillo\IygA(l). After Kan extension to the general case of a bounded p-adic formal

scheme, we get a map Rees(Fily,, gg/) A) = Rm.Ox/ave (as commutative algebras in

DqC(ReesFﬂ-NygA(l))). Specializing to our X the prismatic cohomology is discrete, and then
by adjunction we get 7.

Then stratifying the target by the {¢ # 0}, {t = 0,u # 0}, and {t = u = 0} loci we may
use Theorem 7.17 of [BL22b] to show this map is an isomorphism on each stratum, hence
an isomorphism via the same method of [Bha22] 5.5.10. Note that the final identification
for the Hodge stack is not automatic from this result for the prismatization, but still follows
from a similar argument. U

These relative stacks allow us to give a description of O}%”* analogous to the description
via quasisyntomic descent from quasiregular semiperfectoid rings, but importantly where
the first Rees stack in the equivalence is Noetherian regular (see the footnote of Remark
5.5.19 in [Bha22]; in general all the Rees charts we use are regular by the same argument).
We will use this later in §4 to work with coefficients in the relative setting easily.

Corollary 2.11. Let (A,I) = (W(k)[uo], (E(uo))) be a Breuil-Kisin prism for Ok. Then
there is an equivalence of stacks

OIN(yg ~ colim[n]erp(OK/W(/f) [uo, ... aun]DNyg'

In particular, we get an equivalence of categories

Perf(O%) ~ hljrenA Perf (ReesFﬂl-\Iyg(A(")))
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where
Uy — o Up — Ug

A
ny _ @ — * B —— —_
AT = O WRuon, unﬂ—‘PW(k)[[uo""’u”ﬂ{ E(u) =" E(uo) }

with the Nygaard filtration coming from prismatic cohomology. The maps in the limit are
induced by u; — u; (with the obvious face and degeneracy maps), and the prism structure on

W(k)[uo, - .., uy,] is given by the ideal (E(uy)).

Proof. Observe that as defined in the statement of the corollary we have
ReeSFﬂ-Nyg(A(”)) ~ (O /W(k)[uo, . . ., u,])N8,

using Lemma 2.10 and Theorem 9.6 in [AKN23] (due to Bhatt-Scholze), so all claims follow
from showing that as stacks we have

OII\I(yg ~ colimpyjeaop (O /W(k)[uo, .. aun]])Nyg‘

By Lemma 2.10 and [AKN23] we see that the right hand side can be constructed by using
Nygaard filtered prismatic cohomology extended to d-pairs; it consists of the Rees stacks
corresponding to the Cech nerve for Nygaard filtered prismatic cohomology in Theorem
1.2(6). In what follows, we also use 1.2(3) to identify Nygaard filtered relative prismatic
cohomology over W (k) with absolute Nygaard filtered prismatic cohomology.

For the perfectoid cover S = A,¢/] we have a commutative diagram

Colim[n}erp(S(n))Nyg —— colimyjeacr colimp,jeaor (Spf S(”)/W(k)[[uo, cs um] )NV
O}l\éyg COlim[m]ngp(OK/W(k) [[U07 ce 7um]])Nyg

where Spf S is the nth term in the completed Cech nerve of Spf S — Spf O The vertical
maps are equivalences since the Nygaard stack as well as (—/A)NV& send quasisyntomic
covers to flat-local surjections and are compatible with Tor-independent limits: for example
by the first property we may then deduce SN¥& — O[N(yg is a flat-local surjection and by the
second property we may identify terms of the Cech nerve with (S)N¥8 giving the left

vertical equivalence. The right equivalence is similar.

It then suffices to verify the top horizontal map is an equivalence. For a quasiregular
semiperfectoid W (k)[[u]-algebra S, we have by Theorem 1.2(6) and (3) in [AKN23] that

- e @ e e (D)
Filyy s = Filgye o w —JjénAFﬂNyg S0 /W (k) [uose..um]

9]
S(m) /W (k) [ug,-..,u
discrete, so the claim follows from Lemma 2.10 and the Rees equivalence. This follows by

a cotangent complex computation, which is made easy by Remark 4.21 in [BMS19] (so to

as p-complete filtered rings. Fortunately, it turns out that . is actually still
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check p-Tor amplitude in [—1, —1] we just need to check the relevant map is quasisyntomic).
Using this, via the transitivity triangle we get

)

LOK/OKHUI:-~~7Um]]®OKS(n - LS<")/(’)K[[U1,...,U,,”]] — Ls(n)/oK

and thus the claim follows by checking the p-complete Tor amplitude of the leftmost and
rightmost terms. Here Ok vy, ..., vn] = W(E)[uo, ..., un]/E(ug). Thus applying the
Hodge-Tate comparison the desired discreteness claim follows. U

Remark 2.12. One may check the ring maps A — A are flat (rather than just (p,I)-
completely flat), since the source is Noetherian and both source and target are derived
(p,I)-complete (Lemma 5.15 in [Bha20]). Note also we crucially use that W(k) is a perfect
d-ring, so this construction doesn’t generalize.

We now move to defining a ¢-structure on Perf(X5™). Analogously to how Coh(O%") is
defined in [Bha22], we can make the following construction.

Construction. Choose a covering of X by smooth affines U, and for each affine choose a
Breuil-Kisin prism (A;, I;) for U,.

Then there is a flat-local surjection

|_| Reeslg A, — XWe _y XSy,
i

The covering is a disjoint union of quotients of Noetherian formal schemes by G, thus
we can define Coh([[; Reesjs A;) in the usual way. We induce a ¢-structure on Perf(X5")
from this covering by defining the < 0 and > 0 parts to be perfect complexes which pull
back to the < 0 and > 0 parts of the natural ¢-structure on Perf(I]; Reeslz Ay).

It’s possible to check manually that this ¢-structure does not depend on the choice of a
Breuil-Kisin prism using an argument similar to [GL23], making it canonical. Let (A,I)
and (A’,1’) be two different choices of Breuil-Kisin prisms for X, and then take (B, J) to
be the product in the absolute prismatic site of X. Then using ReesFﬂ&ygB(l) we obtain a
flat-local surjection which refines both coverings using Breuil-Kisin prisms, we can argue
both Breuil-Kisin prisms give the same ¢-structure entirely analogously to Proposition 3.11
in [GL23].

When working with formal stacks, we can also do this by instead giving a construction of a
t-structure which makes no choices and then checking it agrees with the previous construc-
tion. There is a canonical ¢-structure on Dy (X®™) for any X, by defining DZ(X®™) to be
sheaves & such that for every p-nilpotent ring f : Spec R — X5 we have f*£ € Dxo(R).
We define D< via orthogonality: that is, we say £ € D3?(X%") when RHom(&,€’) = 0
for all & € DZ!(X®™) (defined analogously). This definition works for Dy(Y) on any
formal stack Y, and when Y is Reespys (AM) or Reespe A for a Noetherian regular prism
A we see restricting to Perf gives the standard ¢-structure on Perf. For the assertion about
Perf, it is crucial that we are in a Noetherian regular situation otherwise the ¢-structure on

quasicoherent sheaves might fail to restrict to Perf.
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Remark 2.13. Pullback to the cover Reesie A for a Breuil-Kisin prism so that X ~ Spf A /I
is t-exact for the canonical ¢-structure on D.(X*™) by Footnote 70 in Remark 5.5.19 of
[Bha22] (combined with X¥& — X" being an étale cover).

Proposition 2.14. Let X/ Spf Oy be smooth. The t-structure on Perf(X5™) does not depend
on the choice of Breuil-Kisin prism used for covering.

Proof. A priori trying to restrict the ¢-structure on D .(X5¥") to Perf(X5™) might not define
a t-structure since truncations or cotruncations might fail to be perfect. However perfect-
ness can be tested after pullback along flat-local surjections by descent, so we can test this
after pullback to the cover L;Reesis A; for a covering family of Breuil-Kisin prisms after
noting this pullback is ¢-exact by Remark 2.13. But as A; and the associated Rees stacks are
Noetherian regular, truncations/cotruncations of perfect complexes are again perfect so we
conclude that we get a canonical ¢-structure on Perf(X5"). Thus this gives a well-defined ¢-
structure. Moreover, the argument also shows it agrees with our previous construction. [J

We can then call this the canonical ¢-structure on Perf(X5),
Definition 2.15. For the canonicalt-structure on Perf(X%"), define Coh(X") := Perf(X5™)%,
We will also frequently use that this ¢-structure is compatible with étale realization.

Lemma 2.16. The restriction functor
(—)|x : Perf(X®) = Perf?(X ,0 )

is t-exact for the canonical t-structure on perfect prismatic F'-crystals in [GL23] Lemma 3.9.
Thus T is t-exact.

Proof. This is by construction, as the definitions for both ¢-structures use Breuil-Kisin prisms
for a covering of X (so we just use the same covering).

The second claim follows from Lemma 3.16 in [GL23] and that a composite of ¢-exact func-
tors is t-exact. 0

We will also need some basic claims about duals of coherent sheaves and how Ty; interacts
with these.

Definition 2.17. Let X be a smooth p-adic formal scheme over Spf Oy, and £ € Coh(X™),
We define
g\/ = HOIH(E, OXSyn)

as the O-linear dual, using the internal Hom in coherent sheaves. We set

(C:\/\/ = HOII](HOIH((‘:, OXSyn ) 5 OXSyn ) .
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In a closed monoidal category, in this setup we always have a natural map £ — £VV.

We remark that (—)" sends coherent F-gauges to coherent F-gauges, as (’)iyn and in gen-
eral X5V for smooth quasicompact X/ Spf Ok admits a flat-local surjection from a Noe-
therian regular affine formal scheme (and pullback along this cover preserves duals).

Lemma 2.18. Let X be a smooth p-adic formal scheme over Spf Of. Let & € Coh(X%™),
Then T is symmetric monoidal, and preserves the internal Hom so that T (EY) = Te(E)".

Proof. We only add hypotheses on X so that it has a good theory of coherent sheaves.
Let us factor T as

Coh(X®™) — Coh(X , 0 [1/1 |2)#=! ~ DY

p lisse

Xy Z,)".

The first map is obtained by pullback to X and then inverting I . Pullback to a substack
is symmetric monoidal, as is tensoring with O [1/T ]*. The final equivalence is symmetric
monoidal as well, see section 2.2 in [IKY24] (this is the underived version).

To check the claim about duals, it suffices to check this construction preserves internal
Homs. The same argument reduces us to checking this for

Coh(X , 0 [1/1 })*=! = D (X, Z,)°.

lisse

where it is straightforward (note that for representations we take the Z,-linear dual and
then give this the natural Galois action). U

Although we will only need the weaker statement about flat-local surjections, we will show
that in fact when X — Y is a quasisyntomic cover, X5 — Y5¥" is a flat cover in the usual
sense rather than just a flat-local surjection. To be precise, in what follows we will use the
term flat cover to refer to a flat-local surjection X — Y of formal stacks which has the
additional property that for any test object S — Y that is the spectrum of a p-nilpotent
ring the induced map X Xy S — S is flat with the source a p-nilpotent affine scheme.

The following argument is due to Kush Singhal with help from Sasha Petrov. Any mistakes
are due to the author.

Proposition 2.19. Suppose f : X — Y is a quasisyntomic cover of bounded quasisyntomic
p-adic formal schemes. Then the induced map f : X — Y is a flat cover of formal stacks.

Proof. Let us first note that if f : X — Y is a quasisyntomic cover, in light of Lemma 6.3 in
[BL22b] we only need to check the map f is flat as a morphism of stacks (so in particular
representable as a morphism of stacks).

Suppose first that X = Spf S and Y = Spf R are quasiregular semiperfectoid rings such
that R — S is a quasisyntomic cover. We want to show that the corresponding map of
initial prisms g — g is (p,)-completely flat, where I is the prismatic ideal of g. By
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definition, we want to show that g — g is p-completely flat. By Lemma 2.20, it suffices
to check that the map

conj

gry
is flat, where Fil™" g is the conjugate filtration.

conj
%

R~ 8&r

By the Hodge-Tate comparison, we know that

gri™ g /p = (/\Rlﬁvp/ﬁ/p) {—i}[-1]

where R is any perfectoid ring with a map R — R, and similarly for g.

By Remark 4.21 in [BMS19] (see also Lemma 4.25), Lg g actually has p-complete Tor am-
plitude in degree —1 (as we already know it is in [—1, 0] since the map is quasisyntomic),
and so we have an exact sequence of S/p-modules

0— (LR/R[_l] Q" Fp) OR/p S/p— LS/R[_l] Q" F,— LS/R[_l] Q" F,—0.
Here all three modules are flat.

Using Propositions 25.2.4.2 and 25.2.3.4 in [Lur18], we have

(/\iLR/p/R/p) [—i] = LSymy,,(Lg g /p[—1]) = Symyp , (L z[~1] @ F,).

and similarly for S. Thus the claim we want to check is that Symg , (Lgz[—1] ®@" F,) is
flat over Symy, ,,(Lg 5[—1] ®" F,). The previous exact sequence can be used to show that
Symg, ((Lg g [—1] @ Fp) ®ryp S/p) — Symg,, Lg g [—1] @ F, is flat. Indeed, flatness
of the third term implies the exact sequence is universally exact by Stacks Project 058M,
and must then be a filtered colimit of split exact sequences by (6) of Stacks Project 058K.
This filtered colimit is constructed for any choice of a filtered colimit presentation of the
third object so we may refine this so each third term in the exact sequence is finite free
by Lazard’s theorem. On these split exact sequences the desired map is then a polynomial
algebra extension and therefore flat, and taking a filtered colimit of flat maps is flat. By
faithful flatness of R /p — S/p we deduce the desired claim that Sym , (Lg,z[—1] ®" F,)

is flat over Symg, /,,(Lg /5 [—1] ®UF,). It follows that g — g induces a flat cover of formal
stacks.

Now suppose that X is quasiregular semiperfectoid, but Y is general. We already know
X — Y is surjective locally in the flat topology ([BL22b] Lemma 6.3), so we will aim
to show the map is flat (in what follows flat will mean the morphism is representable, and
then after base change along a map from a formal scheme it is flat). Since the prismatisation
commutes with Tor-independent limits, we have a pull-back diagram

(X xyX) —— X

| J

X —Y


https://stacks.math.columbia.edu/tag/058M
https://stacks.math.columbia.edu/tag/058K
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Since X Xy X is also quasiregular semiperfectoid by Lemma 4.30 in [BMS19], we see that
the left vertical map and the upper horizontal map are flat. Now,as X — Y isa surjection
of sheaves in the flat topology, for any test object S — Y there exists a flat cover S’ — S
withamap S’ — Y factoring through X , i.e. we have a diagram

0 —— XxyX) 2

PR

S X Y

\_/

where, a priori, only the indicated arrows are flat covers of formal stacks. By virtue of
the left square being Cartesian [J — S’ is a flat cover of formal stacks, as indicated in the
diagram. As both the left and right squares are Cartesian, we deduce the outer square is as
welland so [0 ~ X xvy S’ — S'is flat. This suffices to check X xy S — Sis flat as we
may check this flat locally on the target, and since the test object was arbitrary it follows
X —Y isaflat cover.

Next, consider the case where Y is quasiregular semiperfectoid but X is general. Let X, —
X be a quasisyntomic cover with X, a quasiregular semiperfectoid. Then X, — Y is a
quasisyntomic cover with Y also quasiregular semiperfectoid. From the previous cases, we
thus know that both X, — Y and X_ — X are flat covers of formal stacks, so the same
follows for X — Y .

Finally, let us suppose that X and Y are general quasisyntomic p-adic formal schemes. Pick
quasisyntomic covers Yo, — Y and X,, — X by quasiregular semiperfectoids X, Y.
We see X, Xy Y is also a quasiregular semiperfectoid. We have a diagram as follows:

(Xoo Xy Yoo) —25 X

ﬂatl lﬂat

(X Xy Yoo) —— X

SR

Yoo g Y

Note that all the squares are Cartesian since prismatisation commutes with Tor independent
limits. By the previous cases as well as Cartesian-ness of the squares, we already know that
the indicated maps are flat morphisms of formal stacks. It follows that X — Y is a flat
morphism of formal stacks. O

We needed the following lemma in the proof of the proposition.
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Lemma 2.20. Suppose A is a filtered ring and M a filtered A-module, both of which are
equipped with N-indexed exhaustive (honest) increasing filtrations. If the associated graded
module gr*M is flat over gr* A, then M is flat over A.

Proof. This follows from [Bj679] Proposition 3.12 in Chapter 2. U

Corollary 2.21. Suppose f : X — Y is a quasisyntomic cover of bounded quasisyntomic
p-adic formal schemes. Then the induced map f : X™V& — YN8 is q flat cover of formal
stacks, and similarly for XSvn,

Proof. We can repeat the same formal argument as with the prismatization to deduce the
general case once we check that the induced map from a quasisyntomic cover of quasiregu-
lar semiperfectoid rings on Rees stacks is a surjective flat morphism of formal stacks. How-
ever, since we have already checked that in this situation g — g is a (p,I)-completely
flat cover, we can simply observe that we have a Cartesian square

QNyg ____, RNyg

I |

Spf ¢ —2 Spf g

which implies the top horizontal map is a (p, I)-completely flat cover of formal stacks.

The claim for X5 — Y5 follows since YNV is étale over Y, and also that X\v& ~
XSyn XYSyn YNyg. |:|

This also allows us to give a proof of the following property of X5 in the p-adic setting,
asserted for X/ Spec k in [Bha22] Warning 4.1.3 (the warning is that separatedness can fail).

Lemma 2.22. Let X/ Spf Z,, be a quasisyntomic p-adic formal scheme with affine diagonal.
Then X5 has affine diagonal.

Proof. Suppose first that X is affine, equipped with Spf A — X a flat cover where A = g
for a quasiregular semiperfectoid ring R (which exists if Spf R — X is a quasisyntomic
cover by [BL22b] Lemma 6.3). Then consider the diagram

Spf A xx Spf A —— Spf A xgpz, Spf A

| J

X X XSprpX .
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This diagram is cartesian by writing X = X Xy X and using that limits commute with
limits. Since Spf A — X is a flat cover (by Proposition 2.19) and A is flat over Z,, all of
the fiber products are underived.

For the top map in this diagram, we can simplify to get
SpfA Xx SpfA = (Spr, Xx Spf R) = Spf Spf RxxSpfR-

For the last equivalence we use that prismatization commutes with finite Tor-independent
limits (Remark 3.5 in [BL22b]). Thus the top morphism is affine. It follows X has affine
diagonal as this property is flat local on the target.

For general X, we have a quasisyntomic covering X = LI; SpfR; of X by quasiregular
semiperfectoid rings by choosing an affine covering LI; Spf A; of X and picking quasiregular
semiperfectoid covers of each affine. Then there is a flat covering of X Xgyrz, X by

X Xgprz, X where X = Ll; Spf g, as the prismatization preserves flat covers. We can

then obtain the same diagram, but with X in place of Spf A:

X Xx X *>>~( Xspfsz

| J

X — X XSprpX .

We claim the preimages Spf R; xx Spf R; of the affines Spf R; X g,¢z, Spf R; covering X x zZ,
X are affine and quasiregular semiperfectoid. If Spf R; and Spf R cover Spf A;, Spf A; C X
then since X has affine diagonal we see Spf A; xx Spf A; = Spf A;; for some ring A;;.
We then see Spf R; xx SpfR; = Spf(Ré@Aij R’) where R} = R;®4,A;; and R’ is defined
analogously. This shows the result is affine; the rings R}, R’; are actually again quasiregular
semiperfectoid (for example Lemma 1.6 in [IKY24] applies). It then follows Spf R; xx Spf R;
is quasiregular semiperfectoid, as R/&® A;,; R} is easily checked to be quasiregular semiper-

fectoid.

Using the analogous affine covering Spf g, Xz, Spf g, of X X SpfZ, X the preimages
Spf Rr, Xx Spf r; = Spf sprRr,xxSptr, are then all quasiregular semiperfectoid (us-
ing again the compatibility of prismatization with finite limits). Thus the map of formal
schemes

/X/ Xx XN — XN X Spf Z,, XN
is affine, and the same argument shows X has affine diagonal.

A similar argument shows X™¥& has affine diagonal, where we must also make the anal-
ogous argument for the Nygaard stack that the cover by the Rees stack of a quasiregular
semiperfectoid is a flat cover (using Corollary 2.21). Note that (—)N8 also commutes with
finite Tor-independent limits.
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The claim for X5 can be checked by a similar argument, or by noting that it is obtained
from a stack X™V& with affine diagonal by gluing along two open immersions jqr, jur With
disjoint images (see [Bha22] Remark 5.3.6) that are affine monomorphisms. 0

3. REFLEXIVE SHEAVES ON XY@

We can define reflexive F-gauges for general smooth X/ Spf O in a similar way to the
case of X = Spf Z,, (done in [Bha22]).

Definition 3.1. Let X/ Spf Ok be smooth. An F-gauge in Coh(X5¥") is reflexive if the nat-
ural map & — EVV is an isomorphism. We denote this full subcategory by Refl(X5™1),

This definition is slightly different, so we verify it is compatible with the one in [Bha22].
That is, after picking a Breuil-Kisin prism (W (k) [uo], E(ug)) we ask that the pullback along

P+ (Spf W(k)[uo] (u, t)/(ut — E(ug))) /G — OF"

is a reflexive sheaf after forgetting the grading.

Lemma 3.2. Let£ € Coh(OP™). Then& — £V is an equivalence if and only if € is reflexive
in the sense of [Bha22].

Proof. We again consider the flat-local surjection

P+ (SpEW(R) [uo] (. 1)/ (ut — E(ug)))/ G — OF¢ — O™,

Suppose first that £ — £V is an equivalence. Then applying p*, from flatness we have
p*(EY) = (p*€)". Thus, this pulls back to p*€ ~ (p*€)VY, and £ is reflexive in the sense of
[Bha22]. Conversely, suppose we are only given the data of p*€ ~ (p*€)"Y. We can check
equivalences after pullback by a flat-local surjection by descent, so it follows the natural
map £ — £YV inducing this must be an equivalence. O

Our goal in this section will be to prove that étale realization induces an equivalence of
categories Refl(X5") ~ Locg;S(Xn) when X/ Spf O is smooth. We regard this as an
improvement of the following result of Guo-Li, which already produces F'-gauges lifting
analytic prismatic F'-crystals; we simply provide a characterization of the essential image.
The advantage of this characterization is that it makes it clear that there is always a natural
map

E—=EYVY

to the reflexive hull of an F'-gauge, where the target is reflexive.
Theorem 3.3 (Guo-Li, Theorem 3.32 in [GL23]). Let X/ Spf Ok be a smooth p-adic formal
scheme.

There is a functor
ITx : Coh? (X ) — Perf(X5™)
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uniquely characterized by the condition that for S — X a p-completely flat quasiregular
semiperfectoid cover it assigns the F'-gauge with filtration

Fil*(Ix(£)( ) = ¢¢ (I°E( 5))
but with the same underlying prismatic crystal and Frobenius.

Moreover, 11 is the right adjoint of (—)|x ; as the counit is an equivalence by the description,

[Ix is fully faithful.

As we will be interested in F-gauges up to isogeny later (and we will need it to argue
Refl (X5) ~ Locz (X)), it will be useful to first determine the kernel of

T¢; : Coh(X¥™) — Dj?)

lisse

(X, Z,)".

We provide a similar characterization of the kernel as in the case of a point shown in
[Bha22], namely that it consists of (p, v; x)-power torsion F-gauges.

3.1. The kernel of the étale realization. We will want to understand the kernel of the
étale realization in order to show IIx induces an equivalence

Refl?(X , 0 ) ~ Refl(X%™).

In order to state the result, we will need to understand the section v; x of O{p —1}/p. This
can be defined very generally.

Definition 3.4 ([Bha22] Construction 6.2.1). Let X be a quasisyntomic formal scheme. To
define a class

v1x € Hgyn(X7 O{p - 1}/p)
we can characterize it locally on quasiregular semiperfectoid rings and then check that it de-

scends to a well-defined class.

For a quasiregular semiperfectoid ring R with associated prism ( gr,1), we identify gr{p —

1}/p ~ 171 /p. We can identify H*(RN¥e, O{p — 1} /p) with FﬂpN;é rip —1}/p ~T71/p.
Untwisting, producing a section is equivalent to a nonzero map

p—1
I/p — Filky, wr/P
which exists because 1/p sits inside Fil’. This map defines vy g after checking the section

descends to RS,

In this subsection we will prove the following theorem by adapting the strategy for X =
Spt Z,,.

Theorem 3.5. Let X/ Spf Ok be smooth and quasicompact. Then the kernel of T¢; on Coh(X5)
consists precisely of coherent I'-gauges which are killed by (p, vy x)™ forn > 0.
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Precisely, this means that the F-gauge is p-power torsion and its mod p reduction is further
vi-power torsion.

We will first show some results about coherent prismatic F'-crystals to help deduce the p-
power torsion part of this claim, which is the main content (the v; x-power torsion is easy
to deduce afterward). Recall that when X/ Spf O is smooth there is a standard ¢-structure
on Perf?(X | O ) via [GL23] §3, so we may make the following definition.

Definition 3.6 ([GL23]). A coherent prismatic F'-crystal is an F'-crystal in perfect complexes
in the heart of the standard t-structure on Perf?(X | O ). We denote the category of coherent
prismatic F'-crystals by Coh?(X ;O ).

Recall restriction of a coherent F'-gauge to X naturally acquires a coherent F'-crystal struc-
ture (as implied by Lemma 2.16). Despite the name, coherent prismatic F'-crystals turn out
to have strict restrictions on possible torsion, and in fact are vector bundles after inverting

p.

Proposition 3.7. If X is smooth and quasicompact over Spf O and € € Coh?(X ), the
underlying prismatic crystal satisfies £[1/p| € Vect(X )[1/p].

Proof. We may test this locally for X = Spf R small affine in the sense of [DLMS24] (here
we use quasicompactness to ensure we only have finite powers of p in denominators), and
therefore can choose a Breuil-Kisin prism (A,I) so that X = SpfR. This then gives a
flat-local surjection Spf A — X , so we may test the property £[1/p] € Vect(X )[1/p]
after evaluation on the Breuil-Kisin prism (A, I). By definition the A-module M := £(A,I)
is a finite height ¢-module over A, so then Proposition 4.13 in [DLMS24] applies and we
deduce M[1/p] is a vector bundle (we remark the argument does not require a torsionfree
hypothesis). U

3.1.1. The locally free locus in the cyclotomic case. In the cyclotomic case it is possible to
show a stronger result about the locus where a coherent prismatic crystal (without the
Frobenius isogeny condition) is a vector bundle, which we now explain. If the reader only
wishes to understand the proof of Theorem 3.5, they should skip to Proposition 3.11.

We will need some preliminaries about the g-connection that evaluation on a cyclotomic
prism produces. If R is p-completely étale over Spf W(k)(TF, ..., TF) for n > 0, then as
in [Liu25] §4.1 we can produce a variant of the g-de Rham prism A = (R[q — 1]}, [p| ) =
(Rlg—1], ¢™([ply)) as well as a ¢g-connection on the evaluation on this prism. In the situa-
tion Xyy is further affine and p-completely étale over a torus, we can take A = I'(Xw, O)[qg—
1]. Letting Xy = Spf R, this prism induces a flat-local surjection Spf A — (Xw/[(yn+1]) —
(Xw[¢pm]) (the second map using [BL22b] Lemma 6.3; we use Xy/[(,»] as shorthand for
Spf R&W (k)[(,n]). This allows us to study sheaves on (Xw/[(,»]) via pullback to this cov-
ering. Note that we use (,» here rather than (,»+1 for n > 0 to also treat the unramified
case, as otherwise this would be omitted.
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To any coherent prismatic crystal £ after evaluation on (A, ¢"([p],)), using §4.1 in [Liu25]
in the unramified case we may produce maps Vy; : M — M satistying a twisted Leibniz
rule

Vami(am) = vi(a)Vai(m) + Vi(a)m
where ~; sends T; — ¢”"" T; and fixes all other T;, and V; : A — A is given by f —
[p]qpn qp]fl% These assemble to a full g-connection Vy; = Y-, Vi, dT; : M — M®qQ?,
----- T, T [g-11/W (k) [g-1]"

As the prismatic crystal comes from the absolute prismatic site, we can further produce a
g-derivation 0 : M — M satisfying

d(am) = va(a)d(m) + dx(a)m

where v sends ¢ — ¢?"" 't and 95 = Z;ﬁ‘[jcll. Note that this differs from the convention in
[Liu25] by a unit.

For handling the case of Xy, we will need the following lemma. We use ®,:(q) to denote
the p*th cyclotomic polynomial in q. When k > 1 this agrees with [p]qpk—l. Via a ged
calculation one may check that in Spec A[1/p] the loci V(®,i(q)) for j > 1 are disjoint
subsets of Spec A[1/p] for an algebra A over W(k)[q — 1].

Lemma 3.8. Let A = W(k)[q — 1] and equip it with O (as defined above).

Now supposel < A is a nonzero ideal which is stable under 5. Then V (1[1/p]) C Spec A[1/p]
is contained in finitely many of the disjoint loci V(®,i(q)) C Spec A[1/p] for j > n.

Proof. We are given that I is a nonzero ideal which is stable under 0 = Owx)[4—1], Which
implies it is stable under v = ~w()[¢—1]- Since 7 is an automorphism fixing p and must
then have ~(I[1/p]) = I[1/p], we deduce the finitely many minimal primes ¢; of I[1/p]
have finite y-orbits. We will now classify such primes.

After inverting p we find W(k)[q — 1][1/p] is a PID and we may then assume the minimal
primes q; < W(k)[qg — 1][1/p] are generated by f € W(k)[¢ — 1] for some irreducible
polynomial f = (¢ — 1)* (mod p). As vy sends ¢ — ¢ +1, by factoring f over C, we
note its roots in the variable ¢ lieinm + 1 C Oc, due to f(¢ — 1) = (¢ — 1)* (mod p).
Since 7/ (q) = ¢®" " +1’, to have finite order we require ¢ € ji~ (Oc,) (any other roots of
unity fail to lie in m + 1). Thus we allow only ®,;(¢) for j > 0 as possibilities for f when
we invert p. It follows that I[1/p| contains a product of finitely many powers of cyclotomic
polynomials @, (q).

Finally, we must show we can eliminate the remaining cyclotomic factors ®,;(¢) for 0 <
j < n from this product lying in I[1/p]. Indeed, since we know W (k)[q — 1]J[1/p] is a
PID we may assume I[1/p] is generated by [],cq Pp:(¢) for some finite set S. If one of
these cyclotomic polynomials is ®,(q) for 0 < j < n, we may assume I[1/p)] is generated
by ®,i(¢)Nz where z is a finite product of other cyclotomic factors. Applying O we get
(P, ()V)0(x) + O(Pi(¢)N)x € I[1/p]. Using j < n, one may compute that the first
summand is divisible by ®,,(¢)". The second summand is not: we know from the earlier
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ged computation that z is coprime to @, (¢)" in W(k)[g — 1][1/p]. A computation shows
d(®,i(¢q)Y) is not divisible by @, (¢)". This then gives a contradiction. O

The following lemma can then be shown by reducing to the previous one.

Lemma 3.9. Let Xy — Spf W(k)(TT, ..., TF) be étale, with A the associated q de Rham
prism. Then if & € Coh(Xw/[(p] ), after evaluating on the prism (A, [p|,m) the mod-
ule E(A)[1/p] is a vector bundle away from finitely many of the disjoint loci V(®,i(q)) C
Spec A[1/p] for j > n.

Proof. We first may further reduce to the case that Xyy = Spf R is connected finite étale
over a basic open of the form D(g) in Spf W(k)(T5, ..., TF), by shrinking. It suffices to
show we obtain a vector bundle on the desired locus after evaluating on the cyclotomic
prism (A, [p| ) = ([(Xw, O)[lq — 1], [p],»~) and inverting p. Evaluating £ on this prism
yields a module M equipped with Vy;; and 0. If I = Fitt(M) is the first nonzero Fitting
ideal it then suffices to show that [ is the unit ideal after inverting p and finitely many of
®,i(q) for j > n by using Stacks Project 07ZD. Fitting ideals are stable under base change,
so using this property we may claim

OA(I) CLVA(I) CI

where 0j and V  ; are the ¢-derivation and connection on the base prism A. We now show
this for O ; the proof for V ; is similar. Let A, = Ale]/(e® — (¢"" — 1)e), which is equipped
with a map
oc=1id+¢e0r : A = A..
The existence of a g-derivation on M yields an isomorphism ¢*M ~ M, where on the right
the module is the base change M ®, A along the canonical inclusion A — A.. Indeed,
one sends
mRl=mel+ouim)®e

and the axioms of a g-derivation make this an A.-module isomorphism. Base change of
Fitting ideals implies Fitt(M.) = IA. and Fitt(6c*M) = o(I)A.. Equality of these two
ideals forces O(I) C I by looking at the £ component.

One may also similarly deduce stability of the ideal under V, ;. We will show that for
R = I'(Xyw, O) that any ideal
I <R[qg—1]

stable under the operators V 4 ; in fact contains a nonzero element of W(k)[q — 1]. We can
reduce using the norm map for a finite étale extension to where Spf R = D(g) corresponds
to a basic open in the torus Spf W(k)(T5, ..., T7)[¢ — 1]. Indeed, if I < R[g — 1] and
Spf R — Spf S is finite etale, then using Cayley-Hamilton one sees Nmpg,—17/sp4-17(f) €
INS[g — 1] and further the norm is nonzero if f € I is nonzero (we use that R is a domain
here so that the multiplication by f map is injective). We also know I NS¢ — 1] is Va ;-
stable, so it then suffices to prove the claim for S.

We may reduce to the weaker condition of considering ideals stable under 7, ; (as this is im-
plied by V4 ;-stability). Observe that R[¢—1] can equivalently be viewed as a (p, ¢—1)-adic
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Tate algebra: this ring identifies with A = W(k)[q — 1](T5",1/9) (.4—1) Where the comple-
tion is (p, ¢ — 1)-adic. Now one can consider the analytic locus with respect to the maximal
ideal of W(k)[q — 1], defined as the adic space A, := Spa(A, A) \ V(p, g — 1). For the ¢-de
Rham prism Spf W(k)[¢ — 1] with the (p, ¢ — 1)-adic topology this construction decom-
poses as an adic space Y = (Spf W(k)[g — 1])a = Dy 41/, Y Yo, Which is quasicompact;
the point y, has residue field £((q—1)). The rational neighborhoods Uy = {|p| < |¢—1|"}
form a basis of opens around yy. One first p-saturates the ideal I (which preserves stability
under 7, ;) to ensure I/p is nonzero, deducing from g — 1-torsionfreeness that on A, the
ideal is nonzero in the fiber Aj(,—1)) over y5; one may show I is forced to become the unit
ideal in this fiber (A,),,, meaning that V(I) C A, does not intersect some Uy. Indeed, if
the ideal is proper, pick a nonzero point in the vanishing locus and choose a small polydisk
centered around it. By studying the action of ~y;, since |¢ — 1| < 1 applying sufficiently high
powers of ; we force the polydisk to contain infinitely many zeroes in each coordinate
direction, forcing vanishing via the rigid analytic identity theorem.

Take some nonzero f € Iand write f = >, ¢ f,(¢—1)". Let ng be the smallest integer such
that f,,, # 0, and choose a closed point z away from the zero locus of f,,, in Spa(R[1/p], R)
induced by a map R — Oy. This induces an evaluation map R[¢ — 1] — OL[q — 1]; taking
the norm of this evaluation map applied to f produces ¢ € W(k)[q — 1] with the property
that c(y) # 0 implies I, # 0 for the fiber over y € Y. On points y away from Uy we
may again analyze fibers, using the same method to deduce that I, is the unit ideal unless
q(y) is a root of unity. Away from Uy there are only finitely many such points as we have
(g — ) (y)| < |p|*N, constraining the support of A/I to the zero locus of ¢(q — 1)IIx(q)
where Iy is some product of cyclotomic factors. From this we deduce the desired claim.

Once we know I N W(k)[q — 1] is nonzero, we observe the intersection remains Oa-stable.
So Lemma 3.8 applies, and the desired claim follows. U

For an ordinary connection (as opposed to a g-connection) we have the following result
using [And01] Corollary 2.5.2.2.

Corollary 3.10. Let X/ Spf W(k) be smooth and quasicompact. If M € Coh(X) admits a
connection, then M[1/p| is a vector bundle.

Proof. As X is smooth and quasicompact, there is a finite covering by formal smooth affines
and it suffices to prove the claim for these. In this case, taking the adic generic fiber induces
a coherent sheaf with connection on the affinoid generic fiber, which is then forced to be a
vector bundle by applying [And01] Corollary 2.5.2.2. O

This torsion control also implies Proposition 3.7 in the cyclotomic case. We may test the
claim of Proposition 3.7 Zariski locally in X. We may then assume that X = Xy[(»]
as in Lemma 3.9. Let I denote the first nonzero Fitting ideal of the module M we get
after evaluation on the corresponding cyclotomic prism (A, [p] ). Our goal is to show
I[1/p] = A[1/p] using the prismatic F-crystal structure, so then applying Stacks Project
07ZD the desired claim follows (using that (X/A) — X is a flat-local surjection). We
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may use 1[1/[p],~] ~ ¢(I)[1/[p]n], which follows from stability of Fitting ideals under
base change. Recall that via a ged calculation one may check in Spec A[1/p] that the loci
V(®,i(q)) for j > 1 are disjoint subsets of Spec A[1/p]. Now I is not stable under the faith-
fully flat map ¢, but I[1/®,+1(q)] = ¢(I)[1/Pyn+1(q)] implies that V(¢ (1)) agrees with
V(I) restricted to Spec A[1/p, 1/®,n+1(q)]. We know

V(IL/p) € U V(@ (9)
jes
as loci in Spec A[1/p| for some finite subset S C Z-,, by Lemma 3.9; we choose the finite
set S C Z-, to be minimal. Since ¢ is faithfully flat and the preimage of V(®,i(q)) is
V(®,i+1(q)) in Spec A[1/p], we learn S\ {n+1} = (S+1) \ {n+ 1}, forcing S = (). That
is, V(I[1/p]) is empty in Spec A[1/p] as desired.

3.1.2. Proving Theorem 3.5. Next, we apply Proposition 3.7 to understand the kernel of the
étale realization to work towards Theorem 3.5.

Proposition 3.11. Assume X is smooth and quasicompact over Spf O and let £ be a coher-
ent prismatic F-crystal. If T (E) is p-power torsion, then so is E.

Proof. We may work locally, so we can assume that X is smooth affine so that X has a
Breuil-Kisin prism (A, I) where p : Spf A — X is a flat-local surjection. Using Proposition
3.7 and letting A, denote the perfection of A, the pullback of £|x to Spf A,c,f must then
be a vector bundle over Ape[1/p] = W(R].)[1/p]. For a perfectoid ring, there is an
equivalence

Teu[1/p] : Vect(W (R} ) [1/1,[1/p]) 7" = Locg, (Rpert.n)[1/7].
Since T¢(€)[1/p] is assumed to be zero, it follows £(W(R?.¢),1)[1/1]}[1/p] is zero. Hence

perf
we conclude £ (W(R;erf), I)[1/1]7} is p-power torsion. It follows by p-completely flat descent
that the F-crystal £(A,I)[1/I]" is p-power torsion by replacing £ with its p-torsionfree
quotient £7~% and using descent to conclude this is zero (the Frobenius on A is faithfully
flat, so Spf Aper — Spf A is a flat cover). Finally, knowing that £(A,I)[1/p] is a vector
bundle by Proposition 3.7 this forces £(A,I)[1/p] = 0 (as it would be a projective module
which becomes zero after an injective base change), after which the flat-local surjection p

proves the claim. 0
We can now understand the kernel of T using the argument in Remark 6.3.5 of [Bha22].

Proof of Theorem 3.5. 1t is easy to check that (p, v1)-power torsion objects are killed by T;.
Let £ € Coh(X®™) be killed by T. First, we note that £/p€ is v; x-torsion. As X is
smooth over Ok, picking a framing reduces us to the case where X = Spf R is étale over
Spf Ok (Xi,...,X3) and thus admits a quasisyntomic cover by a perfectoid Spf R. We
may check the v; x-torsion claim locally, and on a perfectoid this is obvious since étale
realization simply inverts v, 5 for p-torsion F’-gauges.

Next, we must show that £ is p-power torsion. We know that £|x is p-power torsion using
Proposition 3.11, as the étale realization is zero and compatible with restriction to X , and
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then we can deduce £ is p-power torsion analogously to Remark 6.3.5 of [Bha22], except
we use a cover of X1,

By quasicompactness, we may test the p-power torsion claim Zariski locally for X = Spf R
using a Breuil-Kisin prism (A, (d)). In what follows we will denote the prism in either case
(A, (d)), as the argument is the same until we require a connection. Consider the associated
cover

pa : Reespe (A) — X5

and identify the Rees stack with (Spf A(u, t)/(ut — d))/G,, where deg(t) = 1,deg(u) =
—1. We simplify the argument by replacing £ by its p-torsionfree quotient, and we now
want to show it pulls back to 0 on this cover (in which case we are done by flat descent).
We then know the restriction to Spf A(t*) /G,,, is zero as this is the corresponding cover
of X for pullback along jji, so we deduce that M = p} € is t-power torsion (here we use
the grading).

Now filtering by powers of ¢, we can assume tM = 0 or that M is a sheaf on
Spf(A(u,t)/(ut — d)) /G li=o0 =~ [Spf R(u) /G,

The sheaf M vanishes after pullback to [Spf R(u*)/G,,] as the pullback along ji;r also
vanishes by virtue of £ being an F'-gauge: both jjy, jijp identify with j* which we know
vanishes. We obtain a finitely generated graded module M over R(u) such that M[1/u|} =
0. We will show a variant of a graded connection on MM € Coh((ReesFﬂ&ygA(l) )i—o) arises

naturally from £ on Coh(X"¥8). We will use this to deduce M[1/p] = 0, which since we
replaced £ by its p-torsionfree quotient forces p} € = 0 as desired.

Write (A, (d)) = (Rofuo], E(up)) where E(ug) is an Eisenstein polynomial for a uni-
formizer m of Ok. We may adapt the Nygaard-filtered variant of V; from Definition 4.10
to the module M(Y). We may use the same construction, just replacing W (k) with Ry: we

have I'y = Ro[Juo]] and I'y = Ro[ug, u1] {1]‘5(;3)1 }A where we take the (p, E(u))-adic com-

pletion and also F-complete. The map © can be constructed completely analogously, just
now using an R-linear basis. The connection is similarly Nygaard filtered.”

Passing to the Nygaard associated graded, we obtain an induced map Vy; on
Reespig, (AM),_g ~ A/E(up) (1) /G-

For M) coming from the structure sheaf on O%'%, we may express V = © o (nz — 1)
in the notation of [AKN24], and then on the twist W (k)[uo]") the Nygaard filtration has
Fﬂf\lyg generated by u’ := 1 ® E(ug)’; following these elements through the definition of
V, one expands (g — 1) (1 @ E(ug)*) = 1® (E(u1)" — E(ug)") and applies O to deduce V
satisfies gry, V(u') = iE/(w)u’"". In particular one uses a similar argument as in Lemma
4.51(ii) to obtain divided powers of gy := u; — 1o and rewrite powers g for n > pin the g,

2It is worth noting in the general case Vy; doesn’t capture the full data of a prismatic crystal: using the
analogous descent complex as in the discussion preceding Lemma 4.9, this is specifying instead the data of a
coherent sheaf on (X/Ry) , the prismatic stack relative to the J-ring Ro as in [AKN23]. However we only
need Vi in the argument.



SYNTOMIFICATION AND CRYSTALLINE LOCAL SYSTEMS 27

basis that O is defined in; the identity for simplifying ¢® in the g, basis actually becomes
g7 = —pg,+1 in the Nygaard associated graded. Using these divided powers we may Taylor
expand E(u1)’, and then applying © the only term contributing is 1 ® iE/(ug)E(ug) o,
which is sent by O to the desired output ¢E/(7)u’~! on the associated graded.

We may twist M) so that Fil},, M) = M® for convenience. For general M, since
on the Nygaard associated graded we have g = —pg,;+1 we deduce the Hopft algebroid
(grltlygl“(()l), grfi]ygFgl)) (with I'g, I'; as in [AKN24] Section 4.6 for R = Og; see §4.2 for more

details) has gr;IygFgl) given as a free divided power algebra in gy over grl’ilygf(()l) with gg

primitive, and moreover O is similar to Example 4.49 in [AKN24] since now @(g([)n}) =
0 unless n = 1 (where we get 1). This situation suffices to deduce a Leibniz rule for a
general finitely presented comodule M(Y). Define Vy; := (1 ® ©) o p. Writing p(m) =
D >0 My @ g([)n], we have my = m by counitality, and we write ng(a) = X5 V[Z]( )90 1 for

a € grﬁygfél). Here V[i]( ) are by definition the coefficients of g[ g

¢ = 1 and giving the identity when 7 = 0. Hence

p( ) p Z mjv[] J] [1]

4,70

agreeing with V when

Using g[] bl — (ztj )g([]iﬂ . the only terms contributing to the g([]l}—coefﬁcient are (i,7) =

(1,0) and (0, 1). Moreover, from the expansion of p(m) and the definition Vyy = (120)op
we have m; = Vy(m). Thus this coefficient is mV (a) + mia = mV(a) + Vy(m)a. Since
@(g([)"]) = 0forn # 1and O(gy) = 1, this coefficient is exactly Vy;(ma), giving the Leibniz
rule, or equivalently Vyi(am) = V(a)m + aVy(m).

Since MW[1/u]" = 0 and since it is a graded module over A ®4 , R{u) we may conclude it
must be u-torsion (again using the grading). Now consider M(!)[1/p]. Take the minimal i >
0 such that u’m = 0 for all m, and then applying Vy to both sides contradicts minimality
by showing 0 = iE/(7)u'"'m; the factor in front is now a unit since we inverted p (the
other factor coming from the Leibniz rule vanishes, being divisible by u‘). Thus after we
invert p the module is forced to be zero and thus M[1/p] = 0 as desired. O

3.2. Reflexive F-gauges. We can define reflexive prismatic F'-crystals in a similar way to
reflexive F'-gauges.

Definition 3.12. A coherent prismatic F'-crystal M on a smooth p-adic formal scheme over
Of is reflexive if the canonical map M — MYV is an equivalence. We let Refl?(X ;O )
denote the category of reflexive prismatic F'-crystals.

Here, (—)" means we take the O -linear dual and endow it with the structure of a coherent

prismatic F'-crystal.

There is something to check in this definition, namely that the O -linear dual still has the
structure of a coherent prismatic F-crystal for X/ Spf Ok smooth. For a prism (A, I) and
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M € Perf”(A) such that ¢*M[1/I] ~ M[1/I] we claim that
¢*Hom(M, A)[1/1] ~ Hom(M, A)[1/I]

if the Frobenius ¢ on A is flat.
Observe Hom(M, A)[1/1] = Hom(M][1/1], A[1/1]). Then

" Hom(M[1/1], A[1/1]) = Horn(s*M[1/1], A[1/1]) =~ Hom(M[1/1], A[1/T)
where we used flatness and p*A[1 /1] ~ A[1/]] in the first isomorphism and the assumption
on M that ¢*M[1/I] ~ M[1/I] in the second. For X smooth over Spf Ok, we can describe
Coh?(X ,O ) by descent using Breuil-Kisin prisms. The Frobenius on such a prism is

faithfully flat by Corollary 3.6 in [GL23], and the same will hold for prisms in the Cech
nerve. Thus, we have a good notion of duals.

For the following lemma, we regard a reflexive module as a module M in Perf¥(A) equipped
with an isomorphism M ~ MYV, and denote this category by Refl(A). For a prism (A, I),
we write

Refl?(A) = {(M, f) : M € Refl(A), f : oaM[1/]] ~ M[1/]]}.
Lemma 3.13. The category Refl”(X |, O ) satisfies p-complete étale descent in smooth p-adic
formal schemes over O.

If X is smooth affine, then given any Breuil-Kisin prism (A, 1) for X we have
Refl*(X .0 ) ~ lim Refl?(A™)
ne

where A" is the nth term in the Cech nerve of (A, 1).

Proof. We argue these claims for Coh?(X , O ), as the assertions for reflexive objects in
this category follow formally from the descent equivalences being compatible with duals.

For étale descent, let f : X — X be an étale covering. Then X remains smooth, so we
have a well-defined ¢-structure on Perf?(X ;O ). AsPerf¥(X , O ) satisfies quasisyntomic
descent (Proposition 2.14 in [BS23]), it also satisfies descent for this covering. Now it suffices
to check that the pullback map f* : Perf?(X ,© ) — Perf®(X ,© ) is t-exact, which can
be seen from Proposition 3.11 in [GL23].

In the situation where X is smooth affine with a Breuil-Kisin prism (A, I), we have
Perf?(X ,0 ) ~ lim Perf?(A™).
ne
The claim for Coh?(X , O ) follows because the maps A — A(™ are flat (rather than just

(p, I)-completely flat) as the source is Noetherian and both source and target are derived
(p,I)-complete. O

We now show that when X/ Spf O is smooth that reflexive prismatic F-crystals coincide
with analytic prismatic F'-crystals.
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Proposition 3.14. Let X be étale over Spf Oy (XT, ..., X*), and let (A, 1) be a Breuil-Kisin
prism associated to X. If € € Refl?(X ,O ), then

E(A, D) |spec A\V(p.1)

is a vector bundle.

Proof. We observe that T¢; (&) is a reflexive object in Dl(il;)se(X777 Z,)" due to compatibility
with duals and t-exactness of Ty (see [GL23] Lemma 3.16; we use the underived dual).

This implies it is in the subcategory Locz,(X,) as the condition L. ~ L"" implies L. €
p®

lisse

(X,, Z,)? has no p-torsion.
By [BS23] Corollary 3.8, there is an equivalence
Vect(X ,0 [1/1 [1)?=" ~ Locg, (X,).

The étale realization will factor through this equivalence, so we deduce £[1/1 |" is a vector
bundle. Thus if M = £(A, ) then M[1/I]} is a vector bundle.

As Proposition 3.7 applies to any prismatic F'-crystal, we deduce from it that M[1/p] is a
vector bundle. By Beauville-Laszlo gluing®, we have

VeCt(A[l/ID ~ VeCt(A[l/L 1/p]) X Vect(A[1/1]5[1/p]) VeCt(A[l/I];\)

so we deduce that M[1/I] is a vector bundle. It then follows that M|spec a\v(p,1) is a Vector
bundle. O

We can now use the étale descent of Refl”(X |, O ) to finish.

Theorem 3.15. Let £ be a coherent prismatic F'-crystal on some smooth X/ Spf Ok. Then €
is reflexive if and only if € is an analytic prismatic F'-crystal.

Proof. First, we claim there is a fully faithful inclusion functor
Vect?™(X ,0 ) — Refl?(X ,0 )

where the target is the category of reflexive prismatic F'-crystals. Full faithfulness is auto-
matic, so we only need to show analytic prismatic F'-crystals are reflexive. By Zariski de-
scent of both categories (see Lemma 3.13), we can assume X is étale over Oy (XT, ..., XF)
by choosing a framing. We can choose a Breuil-Kisin prism (A, I) so Spf A /I ~ X. Noting
that we can test reflexivity after evaluation on this prism by the second claim in Lemma
3.13, we use that any *-extension of a vector bundle on Spec A\ V(p, I) is a reflexive module
over A as A is Noetherian regular. This is shown in Stacks Project 0EB].

Next, it suffices to show that for every reflexive prismatic F'-crystal £ that

M := E(A,I) € Vect?(Spec A \ V(p,I)).

3In the Noetherian situation we are working in, this amounts to faithfully flat descent via the map A[1/1] —
A[1/1)7 x A[1/1,1/p], as completion is flat.
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Indeed, by the descent results of Lemma 3.13 as well as the analogous results for analytic
prismatic F'-crystals shown in [GR24], this allows us to verify £ is an analytic prismatic F-
crystal as it will automatically lie in Vect?(Spec A(™ \ V(p, 1)) for each transversal prism
in the Cech nerve of (A,I). As X is assumed étale over Ok (XT, ..., XF), we know by
Proposition 3.14 that M € Vect?(Spec A\V(p, 1)), as *M[1/1] ~ M[1/I] and M|spec A\v(p,1)
is a vector bundle. 0

We can now characterize reflexive sheaves on X5 as being precisely those lifted from
analytic prismatic F-crystals via [Ix.

Lemma 3.16. The functor 11x
Vect?™ (X ,0 ) — Perf(X5™)

has essential image in Refl(X"),

Proof. To check coherence, we may reduce to the affine case (the functor in Theorem 3.3 is
compatible with étale pullbacks). Then checking coherence amounts to verifying that the
pullback to the stack Reesje A — X8 — X1 i5 coherent for a Breuil-Kisin prism (A, I)*
Let (Aperf, Iperf) denote the perfection of this prism, so Aper = (colim,, A)@,’I). Since the
Frobenius on A is faithfully flat by Corollary 3.6 in [GL23], A — colim,, A is faithfully flat
and A — A is derived (p, I)-completely faithfully flat.

We may argue the map of Rees stacks in this case is actually faithfully flat for their natural
algebraizations since in

Reesre Aperr — Reespe A — Xsyn,

the (algebraization of) the target of the first map is a Noetherian algebraic stack. Indeed
we may test this on the Rees algebra covers, where the claim we need to argue is that
a (p,I)-completely faithfully flat map R — R’ of derived (p,I)-complete rings R and R’
is further faithfully flat if R is Noetherian. The flatness claim follows from Lemma 5.15
in [Bha20], since the source as a ring map is Noetherian and derived (p,I)-complete. It
is further faithfully flat since maximal ideals of R contain (p,I) (since (p,I) lies in the
Jacobson radical), and then since we know surjectivity of Spec Ayes/(p, 1) — Spec A/(p, 1)
this suffices.

The map of algebraizations of Rees stacks Reesie Aperr — Reespe A is faithfully flat. It fol-
lows that since the pullback to Reesie A, is discrete (i.e. in the heart for the ¢-structure
on Dy (Reesje Aper)) that the pullback to Reesje A lies in the heart and hence is coherent.

Having verified [Ix sends coherent prismatic F'-crystals to coherent F'-gauges, we may
also easily check IIx is compatible with duals. Since any object £ € Vect**(X ;O ) has
& ~ &YV by Theorem 3.15 the same follows for IIx(&). O

4The reason why it is unclear that the notion of coherence [GL23] uses and the one we use are equivalent
is that their notion imposes that the pullback of & lies in the heart of Perf(Spf S5¥") for every quasiregu-
lar semiperfectoid ring Spf S — X, and our notion of coherence implies this only for those quasiregular
semiperfectoid rings related to the perfection of a Breuil-Kisin prism.
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Theorem 3.17. The functor I1x induces an equivalence of categories

Vect?™ (X , 0 ) ~ Refl(X%™).

Proof. What remains is to show essential surjectivity. We need to show any £ € Refl(X5™)
is isomorphic to IIx applied to an analytic prismatic F'-crystal. It suffices to show that the
unit of the adjunction,

n: &— HX((‘:’X )7

is an equivalence since IIx(|x ) is reflexive. Indeed, M = £|x must be a reflexive pris-
matic F-crystal and hence an analytic prismatic F'-crystal by Theorem 3.15.

Let us consider the case where X is smooth affine and integral. We can deduce the general
affine case from this via Zariski descent using Stacks Project 0357, and further Zariski de-
scent would show the general case where X/ Spf Ok is smooth. We may then write X =
Spf A /I for a Breuil-Kisin prism (A, I) where A is integral. To check 7 is an equivalence, it
suffices to check the induced map on the flat-local surjection Reesye 5 is an equivalence. Let
U be the complement of V (¢, p) viewed as a substack of the algebraization (Reespe A)?8 :=
(Spec A(u,t)/(ut — d))/G,, whenI = (d). As we are dealing with coherent sheaves on
Rees stacks and A is an adic Noetherian ring, Coh(Reesjs A) ~ Coh((Reesis A)#).

The map 7 induces an equivalence when restricted to the ¢ # 0 substack which covers X
(as the underlying prismatic F-crystal of IIx (M) is M). The map ) : £ — IIx(€|x ) induces
the identity on étale realization, so the exact sequence

0 — ker(n) — & — IIx(E|x ) — cokern — 0

is sent to 0 — T¢(E) — Te(E) — 0. By Theorem 3.5, the kernel and cokernel of 7 are
p-power torsion, so 7 is also an equivalence on the p # 0 locus in the algebraization and
hence on U. The complement of U as a substack has everywhere codimension two, as the
complement is

(SpecT' (X, , O)[uol[ul/ug)/Gm
where u has degree —1 and deg E(ug) = n.

Passing to the Rees algebra smooth cover Spec A(u, t)/(ut — d) of the Rees stack, the hy-
potheses of Stacks Project 0EB] are satisfied and tell us the pullback to the open D(¢) UD(p)
over U on this cover is fully faithful (hence conservative). Since 1 induces an equivalence
on this open, by descent we deduce that 7 is an equivalence. O

Theorem 3.18. Let X/ Spf Ok be smooth and quasicompact. The functor T¢; induces an
equivalence

Refl(X®") ~ Loci®(X,).
Moreover, if € € Perf(X5¥) then Te(H!(E))[1/p] is crystalline.

Proof. Apply the main result from [GR24] that T,, induces an equivalence from analytic

cris

prismatic F-crystals to Locy ] (X,). The étale realization for F'-gauges factors as


https://stacks.math.columbia.edu/tag/0357
https://stacks.math.columbia.edu/tag/0EBJ
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(=)Ix

Refl(X%™) —=5 Vect®™(X ,0 ) —— Locz*(X,)

and we know now that (—)|x has an inverse IIx by the previous theorem.

For the second claim, as H'(£) is coherent it suffices to observe that on a smooth affine for
a coherent F-gauge £ we have

T (E)[1/p] = Ter(E)[1/p]
as the étale realization is compatible with duals, and Q,,-local systems are canonically iso-
morphic to their double dual. As £V is reflexive (the canonical map to the double dual
being an isomorphism can be checked on the Noetherian regular cover of X" given by a
covering family of Breuil-Kisin prisms via Proposition 2.9), the claim follows. U

We remark that the first equivalence Refl(X5%) ~ LocC“S( ») does not use that X is qua-
sicompact; this is only used for the isogeny part of the statement.

4. PERFECT COMPLEXES UP TO ISOGENY ON X5V

4.1. The essential image of T¢. We can now apply our results to study the essential
image of T¢; on Perf(X®1)[1/p] when X/ Spf O is smooth and quasicompact.

Corollary 4.1. The t-exact functor
Perf(X™)[1/p] =% DIL(X,.2,)[1/7

induces an equivalence Coh(X5)[1/p] =~ LocC“S(X,,) on the heart. The essential image of
Tei[1/p] contains the essential image of

D(Locg™(X,,)) — Dithe(Xy, Z,)[1/),

lisse

and is contained in the full subcategory othSse (X,), Z,,)[1/p] where every cohomology sheaf
is crystalline.

Proof. The t-exactness of T¢; follows from Lemma 2.16.

We now show T [1/p] induces an equivalence on the heart onto the subcategory of crys-
talline Q,-local systems, which by Zariski descent of Coh(X*™") and Loc%ris(Xn) can be
tested on a smooth affine (here we also use quasicompactness to ensure the covering is fi-
nite). The functor T has the desired essential image on the heart using Theorem 3.18. For
full faithfulness, we have a map

T HomCoh(XSy“)(E’ EN[L/p] — Hom(Te(E)[1/p], Tee(E')[1/p])-

We use that the map & — £V is an equivalence in the isogeny category Coh(X5*)[1/p].
Indeed, after étale realization and inverting p it becomes an equivalence, because an isogeny
Z,,-local system is isomorphic to its double dual. Thus the kernel and cokernel of the canon-
ical map & — £V are killed by T¢[1/p]. Applying Proposition 3.11 and the proof of The-
orem 3.5 which upgrades the statement to the F'-gauge being p-power torsion, the kernel
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and cokernel must be 0 in Coh(X5")[1/p]. Thus we can always assume both coherent
F-gauges are reflexive. But there we already know Ty, is an equivalence by Theorem 3.18.

The claim that the essential image is contained in the subcategory of Dhsse(Xn, Z,)[1/p
where every cohomology sheaf is crystalline follows immediately from the claim on the
heart by t-exactness. For producing objects in the essential image, we use the commutative
diagram

D (Coh(X*™))[1/p] —=— D’(Locg; (X))

| |

Perf(XS¥)[1/p] —=— D (X, Z,)[1/p.

lisse

The top arrow is an equivalence coming from the result on the heart and D?(Coh(X5*))[1/p]

D?(Coh(X%™)[1/p]), which is true since we work on bounded derived categories. Commu-

tativity of the diagram is easy to verify, as both composite functors to Dl(lb)se(Xn, Z,)[1/p

agree on the heart and commute with shifts and fibers (so using [Hau24] Lemma 5.4.3 we
can deduce they agree).

Finally, the functor D?(Coh(X%")) — Perf(X5Y") a priori might not land in Perf(X%") but
rather D2, (X5), the full subcategory of locally bounded objects in D (X5¥") where all
cohomology sheaves are coherent. However this coincides with Perf(X*"), as since X is
smooth there is a locally Noetherian regular flat-local surjection p such that pullback to
the covering is t-exact on Dc(— ) The t-exactness follows from Remark 2.13. Then given
E € Dy (X%1), belonging to D%, (X*™) means H'(p*€) lands in Coh and the complex
is locally bounded. But on the cover D%, = Perf and we may test membership in Perf
after pullback along a flat-local surjection by descent. Thus the functor is well-defined.
We deduce the essential image of T¢; contains the essential image of Db(LocC“s(Xn)) in

D (X, Z,)[1/p]- O

Remark 4.2. All of the inclusions in Corollary 4.1 are strict in general, although we will
later find for a point X = Spf O the essential image coincides with the essential image of

D’(Repg; (Gixe)) in Di.(Spa K, Zy)[1/7].
In general there are objects in Dl(ls)se(Xn, Z,) which have crystalline cohomologies but are
not in the essential image of T4. For example, on a point X, = Spa K, on the target

hsse(SpaK Z,)[1/p] there exists a nonzero map Q, — Q,(1)[2] using that the second
rationalized étale cohomology of Z,(1) is Q,. Taking the fiber of this map, we obtain a
complex with crystalline cohomology sheaves which cannot be obtained from T (one
may see this by computing Hg,,, (O, O{1})[1/p] = 0 so there is no corresponding map of
F-gauges and using full faithfulness on the heart after inverting p). However, as we will see
in Proposition 4.14 in the case of a point the essential image is exactly the essential image

of D" (Rep;*(Gi)) in Dike(Spa K, Z,)[1/p).

~
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There are also objects in the essential image of T, but not contained in the essential image
of Db(Locgf(Xn)) — D (Xy,Zy)[1/p] when X = Py, . Using Example 4.7 we can

lisse
produce a map f : O — O{1}[2] in Perf(X>™) so that Te(fib(f)) fails to come from
Db(LocCQrf(Xn)) as Ext? for objects in the heart vanishes for this category when X = P, .

We may also use this to identify Ext' groups in crystalline Q,-local systems with rational-
ized syntomic cohomology.

Proposition 4.3. AssumeX is smooth and quasicompact over Spf O and let£ € Coh(X™™1),
Then the étale realization induces an isomorphism

Héyn(X’ 8) [1/p] = Ethl_ocar;f(Xn)<QP7 Tét (5) [1/p])

In particular, if X = Spf Ok then H§, (X, £)[1/p] = Hi (G, Ts(E)[1/p]) where H} denotes
the Bloch-Kato Selmer group.

cris

Proof. Due to T¢; inducing an equivalence Coh(X®")[1/p] =~ Locg*(X,) as shown in
Corollary 4.1, we immediately have

Exteonxssmy ) (E[1/p], E11/p]) = EXtiLocg:(xn)(Tét(g)[1/P]> T (E)[1/p])

for coherent F'-gauges £ and £’ as an equivalence of abelian categories gives an equivalence
of their Yoneda Ext groups.

It then suffices to prove the stronger integral claim that
Héyn(X? g) = EXtéoh(XSY“)(O? g)

We will first argue
Héyn(Xa 5) = EXté}Coh(XSy“)(Ov 5)

where the Ext' group here is a Yoneda Ext group (so it makes sense in any abelian cate-
gory). This is easy to show in general, since we may identify Hg,,, (X, £) ~ Homp,_ xsvn) (O, £[1])
and then the latter classifies extensions: we map an extension to the induced connecting
morphism, and a map O — £[1] to its fiber.

Given an extension in QCoh(X*™) of the form

0 F & g 0

where F and G are coherent we know that £ is coherent. We can test this after pullback to a
regular Noetherian flat cover, at which point it follows from the 2 out of 3 property for exact
sequences of coherent sheaves. This then means Hg, (X, £) =~ Extéoh(xsyn) (0,€). O
Next, we will study what happens to both sides of Corollary 4.1 under smooth proper push-
forwards. We will need the following lemma to deal with pullbacks.
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Lemma 4.4. The pullbacks jX,, and j* on D} .((—)™™) commute with pushforwards of F-
gauges along maps of quasisyntomic p-adic formal schemes.

Proof. First consider the commutative diagram

X L XS

bl

Yy L ysm

where j is an open immersion. For the second claim, we want to know the canonical
natural transformation j*R f, — R f.j* is an equivalence when we restrict to coefficients
in the bounded derived category of quasicoherent sheaves (see Definition A.20 in [AKN23]).

The claim that j*R f, ~ R f.j* follows purely formally, by applying Lemma A.28 in [AKN23]
after using quasisyntomic descent on the relevant stacks to write them as colimits. This re-
duces us to showing base change for the diagram

Spf g —L— R

Lol

Spf wr *“' (R/)Syn

for a map of quasiregular semiperfectoid rings Spf R — Spf R’ (the edge base change

squares required in this case are trivial to verify). The analogous square with the Nygaard

stack replacing R%¥™ and (R’)%Y™ has base change for both of the open immersions jyt and
Xk —— %

Jdr» S0 again applying Lemma A.28 in [AKN23] for the diagram J used to

*
produce X5 as a pushout of formal stacks shows commutativity of the left square.

An identical argument shows the claim for j,,. We reduce to base change for the diagram

RNve _Invs | RSyn

| I

(R/)Nyg INys (R/)Syn
which we may check in the same way. O

We then have the following (already known) pushforward stability result. This appears in
[MM25] Proposition 8.2.6; below we explain some of the argument.
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Proposition 4.5 ((MM25] Proposition 8.2.6). Let f : X — Y be a smooth proper morphism
of smooth p-adic formal schemes over Spf Ok. Then if € € Perf(X5"), we have Rf.E €
Perf (YS¥m).

Proof. Tt suffices to check this for (—)NV® using flat descent of Perf, as Y& is an étale cover
of Y5 and similarly for X™¥& and X" (see the discussion in [Bha22] Definition 6.1.1).
Then we may use that j{,, commutes with pushforwards as verified in the previous lemma
to reduce to checking R f. sends perfect complexes on X V8 to perfect complexes on Y&
for smooth proper morphisms f. There is a stratification of X& by X]€ and Xi\%g, as well
as YN8,

Now we observe that it suffices to check perfectness on the ¢t = 0 component of Y¥& and
derived t-completeness. One may also use formal gluing for this stratification to make the
reduction by checking perfectness is also preserved for the pushforward ng ~ X —

Ygéydg ~ Y , which is well-known (see e.g. Corollary 5.16 in [GR24]). The pushforward
R f.€ will still be complete for the Nygaard filtration as one can reduce to the same assertion
for Hodge-filtered de Rham cohomology in the smooth proper case by the same method as
in [BL22a] Proposition 5.8.2. The claim for the ¢ = 0 component is shown in [MM25], via
reduction to the case where Y is semiperfectoid and then reducing the claim to smooth
proper pushforwards of schemes preserving perfect complexes. O

This then formally implies the following result.

Corollary 4.6. Suppose X and'Y are smooth over Spf O and letL € Dl(ibs)Se (X, Z,)[1/p] be

in the essential image of T (as partially characterized in Corollary 4.1). Thenif f : X — 'Y
is smooth proper, R" f,IL is crystalline for all i.

Proof. 1t suffices to show that T, commutes with smooth proper pushforwards in light of
Corollary 4.1. In the diagram

Perf(x5) %, perfex |0 ) —— DY.(X,. Z,)

lisse

lRf* J{R f J{Rf*

Perf(YS™) ¥, perfe(y |0 ) —— DY, Z,)

lisse

we know right hand square commutes by Theorem 5.8 in [GL23], so it suffices to verify the
left square commutes and R f, preserves perfect F'-gauges. The latter holds by Proposition
4.5.

Now we check commutativity of the left square. For prismatic F'-crystals, by an inspection
of the canonical prismatic F-crystal structure given to j*(£) in Lemma 2.3 it suffices to
know j{,, and j* commute with pushforwards, which we have already shown in Lemma
4.4. U
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The result that R’ f,IL[1/p] is crystalline when L € Loccm(Xn) and f is smooth proper is
given by Theorem B [GR24] (the isocrystal association portion of the statement is verified
later in Proposition 4.22). We can regard this as strengthening the result to allow more
general L in the derived category. When Y = Spf Ok, by Proposition 4.14 we actually
learn about the complex beyond its cohomology, namely that it lies in the essential image

of D"(Repg*(Gi)) — D (Spa K, Z,)[1/p].

4.2. Admissible filtered F'-isocrystals in the proper case. InProposition 5.6.2 of [Hau24],
Corollary 4.1 is refined to an equivalence in the case of X = Spf Z,,. In particular, it is shown
that T induces an equivalence

Perf(Z>*")[1/p] ~ D*(Repg®(Gaq,))-

Such an equivalence cannot hold in general, as the following example shows.

Example 4.7. Let X be the p-adic formal scheme Plzp. If we had an equivalence
Perf(X¥™)[1/p] ~ Db(Locgf((P}QP)ad))

then considering RHom py ysv (O, O{1})[1/p] =~ RIsyn(Pz, , O{1})[1/p] we would need
to show that
Hyu (Pg,, O{11[1/p] = Extioeggn(py, o) (Qps Qp(1)-

When i = 2, the right hand side must vanish, since Ext? vanishes in crystalline Q,-local
systems. Indeed, since (P}Qp)ad has an étale fundamental group isomorphic to Gq,, the sub-
category of crystalline local systems is equivalent to the category of crystalline Galois repre-
sentations of Gq,. In this abelian category, Ext? will vanish (by [EK99]; see also [Hau24]
Remark 5.2.5).

However the left hand side (syntomic cohomology) is nonzero when i = 2, as we get a nonzero

class coming from the syntomic Chern class (see Variant 8.4.5 in [BL22a]).

In this subsection we will first show that despite this failure in the higher dimensional case,
Hauck’s result still extends to the case where //Q, is an arbitrary finite extension:

Perf(O3")[1/p] =~ D"(Repg (Gi))-

We will then define a category Perf™ . (X) of admissible filtered F-isocrystals in perfect
complexes and use the case of Ok to show that there is a fully faithful functor

Perf(Xsy“)[l/p] — Perf?{ig@( )

when X/ Spf Of is smooth proper, and then use §4.1 to see the functor is essentially sur-
jective.

The key input in the case of a point is an analogue of the cohomology computation done
in [Bha22] Proposition 6.7.3 for arbitrary finite extensions /{/Q,,.
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Proposition 4.8. Let K/Q, be a finite extension of Q,,. Then for €& € Coh(OP™) we have
H(OR™, €)[1/p) = Extigyisa,) (Qp: Tee (€)[1/p))
where the 0th extension group on the right is H*(G g, (—)[1/p]), the first is given by
Hj (G, =) = Bxtrepgin(c) Qs () [1/)),
and both sides vanish fori > 2.

Assuming the conjectured Lagrangian refinement of Tate duality for regular formal schemes,
see Conjecture 6.5.25 in [Bha22], one may deduce this using the same strategy as [Bha22]

Proposition 6.7.3. If K is unramified, since Spf W(k)/ Spf Z, is finite étale and in particular

smooth proper we may use geometric Poincaré duality to deduce the claim (see the remark

following Conjecture 6.5.25 in [Bha22]).

We will use a different approach to prove the claim by adapting the tools of [AKN24] to
work with coefficients. As a byproduct, we will produce a complex computing syntomic
cohomology using Breuil-Kisin modules.

Notation. In what follows we will abbreviate absolute prismatic cohomology RI'(Oy, &)
as o, (€) and the relative prismatic cohomology RI'((Ox /A) ,€) as o, /a(E) for a pris-
matic crystal £.

Using [AKN23] Theorem 1.2(6) with coefficients (which follows from the identification of
stacks in Corollary 2.11 after restricting to the ¢ # 0 locus), we may compute

ok (E) > ox/wi(€)
as
TOt( Ox /W] (E) == 0/ Wk [uo,u] (€) % )
giving a descent complex
1 2
O /WOl (€) = 0xe/ Wk uoa] (€) — -

The analogous descent complex also computes Nygaard filtered prismatic cohomology after

.....

is relatively quasisyntomic in the sense of [AKN23]). We can use Corollary 2.11 to formally
justify this construction with coefficients. We can use this along with a result of Gao-Min-
Wang to obtain a shorter description of prismatic cohomology.

Lemma 4.9. Let £ € Vect(Oy,). Then
RF(OK,S) ~ { OK/W(k)[[uo]](g) — K} .
where K = ker(d? : o, /w)uo,u] (€) = 0w /W) [uo,ur,us] (€)) is the kernel of the second

differential in the descent complex.

Proof. This follows from the result of Gao-Min-Wang in [GMW23] that RI'(Oy, &) lies in
cohomological degrees 0 and 1. O
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In what follows, all filtrations F* on rings have the property that F°A ~ F~"A for n > 0
and F°A = A. A filtered J-pair consists of a filtered §-ring F*A (one requires 6(F"A) C
FP"A) and a map of filtered rings F*A — F*R. In [AKN23] §10 a filtered variant of pris-
matic cohomology F* g/ is given relative to filtered J-pairs F*A — F*R. From now on
we give the Breuil-Kisin prism W (k)[u] the ug-adic filtration, and O the 7-adic filtration
for a uniformizer 7. For a filtered §-pair F*A — F*R, the relative prismatic cohomology
inherits a filtration F* g/x. With coefficients in a prismatic crystal £, we let F* g/ (E)
be induced from the filtration F* g/ (the flat filtration in the terminology of [AKN23]).

Write F* /a for the completion with respect to this filtration.

We will need a W (k) [uo]-linear map

O : F*¢" 0wl (€) = ¢ F* 7 o wimpu) (E{—1})

as well as a Nygaard filtered version, which shifts the Nygaard filtration down by one. In
[AKN24] this is constructed for £ = O , which induces the general map. It is helpful to
understand this construction via the perspective of comodules over a Hopf algebroid, which
we now explain.

In §4.6 of [AKN24] they view prismatic crystals as right comodules over a Hopf alge-
broid (I'y,I'y) = (F*AOK/W(k)[[uO]], F*A@K/W(kmuomﬂ) corresponding to the truncated F-
completed descent complex. This is only used for Breuil-Kisin twists, but the same general
construction applies verbatim in our setting for prismatic crystals in vector bundles. There
is of course also a Frobenius tyvisted variant dedEced from the untwisted one, instead us-
ing the Hopf algebroid (F*¢* o, /wr)uo]> F*¢* 0x/W(k)[uosu])- By using the g, basis of
Proposition 3.34 for I'; constructed in [AKN24], they give amap © : I'; — I'j in Definition
4.41 in both the Frobenius twisted and untwisted cases. This induces a connection Vg on

an arbitrary right comodule over this Hopf algebroid via the setup of §4.6 as the compos-

ite M —— M®p, I'y 99, M where p is the coaction and the second map identifies

with the © we needed previously in the Frobenius twisted case (we trivialize the Breuil-
Kisin twist for convenience by picking a generator E(ug) for the prismatic ideal). We may
also use the same argument as in Lemma 4.36 in [AKN24] to identify the descent complex
of a prismatic crystal in vector bundles with the cobar complex of the associated comodule.

There is also a Nygaard filtered version, as by virtue of Corollary 2.11 we may view sheaves
on the stack (’)Il\iyg as Nygaard filtered right comodules for the Frobenius twisted variant
(F(()l), r §1>); the map O is Nygaard filtered, so it upgrades to a map of Rees stacks once we
apply F-completion to each Rees stack. We will see later F-completion is automatic for
I’y which is useful (in particular allowing V) to exist before completion), but we must
still involve it in the construction as it is necessary for © to be defined. Thus to describe
coefficients for Nygaard filtered F-completed prismatic cohomology as right comodules
we apply F-completion to each Rees stack used in the descent complex to obtain an F-
completed Nygaard filtered variant. The same remark about the cobar complex and descent
complex matching again holds, now with Nygaard filtrations.
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By the previous discussion we already have a connection V¢ on go*F*AoK JW () [uo] (€)-
There is also an equivalent formulation using the descent complex, which will be con-
venient to have for proofs.

Definition 4.10 ([AKN24]). Define

Ve i F* o wmiuo)(€) = F* 7 o jwimue) (E{—1})

to be the composition of © and the first differential of the descent complex, and similarly we
may define Frobenius twisted and Nygaard filtered variants (recall we use Corollary 2.11 to
make sense of coefficients). We will trivialize this Breuil-Kisin twist by picking a generator

E(ug) for the prismatic ideal in W (k) [uo].

Using Proposition 10.41(c) in [AKN23] we deduce the source and target of V¢ are already F'-
complete, allowing us to drop the completion. We can now check that a variant of Corollary
4.44 in [AKN24] with coefficients holds. The map ¢V appearing in the statement will be
clarified in the proof.

Lemma 4.11. Let £ be a reflexive F-gauge on 03", and pick a Breuil-Kisin prism (W (k) [uo], E(uo))
for Ok. Let M be the associated Breuil-Kisin module to £ with the naive Nygaard filtration
Filf\lyggo*M = {x € ¢*M : pym(x) € E(ug)'M}, and let F*M be the filtration induced by
regarding W (k)[wo] as a filtered 5-ring where deg(ug) = 1.

Then Ry, (Ok, €) can be computed as the total fiber of the square

FﬂIO\IygVM

F*Fil}y, "M —— F*'Fily, "M
J{C&n_@M lcan—g@&
F*QO*M VM F*_lgO*M
for a map V.

Proof. This follows from the same method as Corollary 4.44 in [AKN24] but with minor
modifications for coefficients. Let M = RI'((Ox /W (k)[uo]) ,E) be the Breuil-Kisin mod-
ule attached to £. Using Lemma 4.9 we see

RF(OK, 5) ~ { Ok /W (k)[uo] (5) — K2:|
where K is the kernel of the second differential in the descent complex. Similarly, we have
RF(OIN(yg, 5) ~ {Fﬂ%yg (,0* O /W (k)[uo] (5) — FilONyg SO*K2:| .
Thus, the syntomic cohomology of the reflexive F'-gauge £ is given by the total fiber of

Filky "M —— Fild,, 0" Ko

lcan—@M Jicanfga;(z

O'M ——— ¢p*K,
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and the horizontal maps come from the first differential. We can take F-completions on
every term, since syntomic cohomology with coefficients in a reflexive ['-gauge is still
F-complete. Indeed, the proof of Proposition 2.11 in [AKN24] readily generalizes as Propo-
sition 8.6 in [AKN23] works with coefficients (syntomic cohomology with coefficients lands
in their category of quadruples (H, N, ¢, )).

Thus, we see syntomic cohomology is computed as the total fiber of the F-completed square

FFild,, "M —— F*Fil} " K,

JcanﬂpM J{canfapKQ

F*gp*ﬁ _ F*(,O*f(\g

As before, the symbol - denotes F-completion.

The map O is an isomorphism when restricted to K, which can be shown by using the
same proof as Lemma 4.43 in [AKN24]. For completeness, we give a brief overview of the
argument. We see o, /w(k)[uo] (€) is a comodule over the Hopf algebroid

~

I'=( ox/Wk)uol> Ox/W(k)[uou1])

and the cobar complex of A@K /W(k)[[uO]](E ) identifies with its descent complex. The claim
we want to show is that we get a quasi-isomorphism of complexes

F* 0r /Wi uol (€) — F* og /wk)uou](E) — -+

| Jo

*A V *A
F* o /wiku (€) —— F* o /wik)[uo) (§) —— 0

where the top complex is the F-completed descent complex. The argument of Lemma 4.43
now follows identically by using the cobar resolution of o, /w)[u(€) and that £ is a
prismatic crystal in vector bundles. The Frobenius twisted and Nygaard filtered versions
follow similarly.

Translating the previous square along O, one then obtains a square

FFil}, "M — 2 F1Filyl "M

J{can—apM J{can—@yq

F*QO*/M Vum F*flsp*ﬁ
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whose total fiber computes syntomic cohomology as desired. As a final step, we observe
that actually M = M. The F-filtration on O /W(k)[uo] 18 the ug-adic filtration by Proposi-
tion 10.41(c) in [AKN23], so this is already complete; since we work with prismatic crystals
in vector bundles and use the induced flat filtration, the desired completeness follows. [

As seen in the proof, the map ¢V is induced by the map ¢y on the kernel Ky of d? in the

descent complex for the prismatic F-crystal, which is identified with the desired map by

applying © and trivializing the twist. By construction, it satisfies the relation V o ¢ =
v

@Y oV.

We may now use the ramified variant of this result in Lemma 4.11 to deduce the desired
vanishing statement. Before proceeding, we note that the connection Vy; does not actually
have a Leibniz rule, but it does have one on the associated F'-graded with correction terms.
In particular, all we will use is that

Vum(ugm) = C;m +n

where if m € Fi=1o*M \ Fip*M we may pick n € Fio*M and C; is multiplication by i up
to units. In general by writing ugm = ujmy where my is in F°0*M by definition

Vi (ugmo) = (id @ ©)(p(ugmo))

where p : "M — ©*M Qwr)[uo] ASB(/W(k)[[uo,m]] is the coaction of the comodule p*M.
Here, since we work with the Frobenius twist we clarify that v is 1 ® ug. We can write
the coaction as p(mg) = mo ® 1 + p>1, where p>; is the contribution in higher F-degrees;
the first component is forced by the relation (id ® £)p(mg) = my. That is, p(mg) — my @
1 € ker(id ® €) and this kernel will lie in F=! (as ¢ : Ty — T’y sends uy,ug to uy and
the F-filtration on W(k)[ug, u;] C I'y is determined by Proposition 10.41(c) in [AKN23]).
Using this, up to higher terms in the F-filtration (i.e. modulo F'¢*M) we can compute
(id @ ©)(p(uime)) = (id ® ©)(nr(uj)(me @ 1)). Using the same argument of Lemma
4.61(1) in [AKN24], there is a total contribution of Cym where C; is 7 up to units to the griy *
component. That is, working in the twist ¢*M we may expand (id ® ©)(ng(uj)(mo ® 1))
as mo @ iupy * +mo ® Yy (;)ué_j@(gg) where gy := u; — ug (in [AKN24] the map O is
W (k)[uo]M-linear and is defined by what it does on monomials in the g, basis, starting
with gy as the first nontrivial one). The same argument allows us to deduce the surviving
j > 2 terms are multiples of mg(p - iujy ), from which the claim follows as they can only
change the scalar C; by a unit. Note that we have already trivialized the Breuil-Kisin twist
in this formulation, as we regard Vy; as a map ¢*M — ¢*M.

Proposition 4.12. If£ is in Coh(O™), then T22RI (O™, £)[1/p] = 0.

Proof. Without loss of generality, we may assume that £ is reflexive: up to p-isogeny this is
always possible by the proof of Corollary 4.1. Indeed, replacing £ by its reflexive hull £VY
does not change the claim, since the kernel and cokernel of £ — £V are p-power torsion,
and hence their syntomic cohomology is p-power torsion as well.
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By Lemma 4.11 it suffices to check that the map

T
can—py
VM

F*1Fily, "M @ F*o*M ———— F*!1o*M
is surjective after inverting p. Call this map a.

Assume first that £ has all Hodge-Tate weights > 0. Then ¢y; is defined integrally on
©*M, and M is ug-adically complete. In the effective case, Filﬁ;ggp*l\/{[l /p] C ¢*M][1/p] is
an equality, so we may regard ¢y as an endomorphism of ¢*M. One may check that ¢y
strictly raises the induced uy-adic filtration (see [AKN24] Definition 4.54 for the case of
& = O, noting the filtration is shifted by —1). In particular, ¢V is topologically nilpotent,
and the convergent series 3",-,(¢y)’ gives a right inverse to can — ¢y proving integral
surjectivity of a.

In general, we may write the desired reflexive F-gauge as £{r} for some r > 0, where
€ has all Hodge-Tate weights > 0. The corresponding untwisted module M{r} is now
equipped with a semilinear map

1
E(up)"

so due to the indexing shift this will imply oy (ry is only defined integrally on Fﬂg}l,g@*l\/[{r} C

SOM{T} : M{T’} — M{T},

©*M{r}, and iterates (gpl\v/[{r})j need not be defined on all of *M{r} when there is a non-
trivial twist. Thus, we cannot run the same argument.

However, a similar argument can be run when working high enough in the F-filtration. The
cokernel coker(a) is derived p-complete (as syntomic cohomology is derived p-complete),
and the filtered pieces F* coker () are derived p-complete as well. Thus, to prove F* coker(a) =
0 it suffices to prove (F? coker(a))/p = 0 for all 7 > iy, i.e. surjectivity of « after restricting

to F* and reducing modulo p.

Since E(ug) = u§ (mod p) (where e is the ramification index), one checks that there is an i,
so that for i > i, the map can— (y; induces a well-defined endomorphism of (Fip*M{r})/p
using the fact that on the base ¢*W(k)[ug] corresponding to O the map ¢V scales the
—1-shifted F-filtration by a factor of p (again see [AKN24] Definition 4.54, again noting the
filtration is shifted by —1). Moreover, for such ¢ we have

(F'e™M{r})/p C (Filyy ™ M{r}) /p,
so that passing to Filﬁ;g does not enlarge the source after reduction modulo p. Concretely,
writing i = ej + 5/ with 0 < 7’ < e, we have u}) = ud E(ug)? (mod p); for j > r we may
factor E(ug)? = E(ug)’"E(up)", and the bounded-denominator condition for the twist
implies that multiplying by E(uq)" places us in FilONyg - Filﬁ;g. It follows that, for ¢ > 1,
we may regard can — oy as an endomorphism of (Fip*M{r})/p.

Finally, modulo p the operator ¢y strictly raises the ug-adic filtration on (Fip*M{r})/p for
1 > 19, hence is topologically nilpotent there. The same convergent power series argument
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therefore shows that can — ¢y; is surjective onto (Fip*M{r})/p for all i > i,, and we
conclude that F coker(a) = 0 integrally (note that this does not show integral surjectivity
of can — ¢y}, as the cokernel need not be derived p-complete).

It remains to check rationalized surjectivity on the finitely many remaining graded pieces
of the F-filtration for indices ¢ < 7. For i > 1 the constants C; in the formula V (uym) =
C;m + n are units after inverting p, so gr Vg, is a rational isogeny on each such graded

piece (it acts by C; on grk). Since there are only finitely many indices i < iy, it follows that
coker(a)[1/p] = 0, as desired. O

Proof of Proposition 4.8. We have already shown this for H’ (by the heart claim in Corollary
4.1) and for H' it follows from Proposition 4.3. For i > 2, the Ext' groups in Repq (G )
are zero. Thus we only need to show vanishing of cohomology in degrees > 2, which was

just shown in Proposition 4.12. O

Remark 4.13. Let X/ Spf Ok be smooth and quasicompact. There is a hypercohomology
Leray spectral sequence

EY = H3 (O, R71.E) = HE(X,€).

Syn Syn
This is the spectral sequence associated to the filtration on

RFSyn(X, 5) =~ RFSyn(Spf OK, Rf*g)

by the complexes RHom (O, 7« ;R f.E) (see Stack Project 015X for more details about the
indexing — we choose 7<_; to make a decreasing filtration). We can check this converges
using perfectness (hence ¢-boundedness) of R f.£.

This has a practical consequence for smooth proper X/ Spf Oy. Let £ € Coh(X5®),

The differentials on E; are
i HE (O, RP1.E) — HEn (0, RV LE).

Syn Syn
This can never be nontrivial rationally, since H? vanishes (as well as all higher H?). Indeed,
R'f.E is coherent as R f.£ is a perfect complex (by Proposition 4.5). Thus after rational-
ization this spectral sequence degenerates on E;. Note that this also shows the syntomic
period map H (X, E) — HE (X, Tee(€)) is injective rationally in light of Proposition 4.8.

We are now ready to reduce showing the equivalence Perf(O%™)[1/p] ~ Db(RepCQr;s (Gg)) ~
D?(MF%") to a cohomology computation. Note that the definition of RHomypewva uses
the Ind category of MF7™ and [Oor64], as the category of weakly admissible filtered
isocrystals does not have enough injectives. We can realize the target category D*(MF£"*)
as an oo-category by applying the usual construction for A = Ind(MF%™) as the stabi-
lization of the animation of the category of injectives and regarding D®(MF%") as a full

subcategory.

Proposition 4.14. There is a symmetric monoidal equivalence of categories

Perf(O™)[1/p] ~ Db(RepCQr;S(GK))


https://stacks.math.columbia.edu/tag/015X
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induced by T.

Proof. Once the cohomology calculation has been done, the proof is essentially the same as
in [Hau24]. We spell out some details of this argument for the convenience of the reader.
The natural equivalence induced by Ty is that D?(Coh(X5¥*)[1/p]) ~ Db(Locgips(Xn))
(which is then also equivalent to D*(MF%™)), so our task is actually to show the natu-
ral functor

F : DY(Coh(X%¥™)[1/p]) — Perf(X5¥™)[1/p]

is an equivalence for X = Spf Ok. Here, we know the functor is well-defined by the
same argument as in the proof of Corollary 4.1. This functor can be seen to be essentially
surjective once we know full faithfulness, as we have an equivalence on the heart and may
construct objects using shifts and fibers from the heart on the target Perf(X5")[1/p] via
Lemma 5.4.3 in [Hau24]. We may then construct an object £ € D°(Coh(X%™)[1/p]) with
the desired output F'(&) by lifting the attaching maps via full faithfulness and noting F' is
compatible with shifts and fibers.

Full faithfulness can then be reduced to checking that RHom in both categories agree fol-
lowing the standard reduction to cohomology method of [Hau24] Proposition 5.6.2. The
functor F'is compatible with duals, tensor products, and the internal RHom, so via the
tensor-Hom adjunction we reduce to checking cohomology with coefficients agree (using
the isomorphism RHomPerf(Oiyn)((’), E) =~ RI'gyn(Ok,E) to pass to cohomology at the

end). Note that existence and compatibility with duals and the internal RHom is slightly
tricky for D?(Coh(X®™")[1/p]) but can be justified as D?(Coh(X%")[1/p]) is equivalent to
the rigid symmetric monoidal category Db(RepCQrLS(G k)) via the symmetric monoidal func-
tor T¢;. Since F' is symmetric monoidal this allows us to deduce F' is compatible with duals
and RHoms as its source is rigid symmetric monoidal. Finally, compatibility of /" with shifts
and fibers allows us to further reduce to checking cohomologies with coherent coefficients

agree.

Writing out cohomology with coefficients in the heart in each category, since there is a map
of complexes we need only check that

Ext?eepgg(GK)(Qpa Te(€)[1/p]) == Hyy (Spf O, €)[1/p]

which is shown in Proposition 4.8. U

This result in the case of a point will be useful in proving an analogous result for smooth
proper X/ Spf Of. In light of Example 4.7, it will be necessary to change how the theorem
is formulated. It turns out to be more natural to interpret Proposition 4.14 as stating that

Perf(O3™)[1/p] ~ D*(Repd®(G)) ~ D*(MF%™)

where MF%™ is the category of weakly admissible filtered F-isocrystals. This is induced
by the abelian category level result of Colmez-Fontaine in [CF00] that the functor D
induces an equivalence Repq”(Gx) ~ MF™.
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In general, we will need to formulate the appropriate notion of a derived filtered F'-isocrystal.
This is given by the Beilinson fiber square; namely, we have a commutative diagram of
stacks

XSyn ( Xs ) Syn

T T

(X/Og) Rt —— (X/Og)°.

where X, := X Xgpro, Spec k. There is a nontrivial arrow to define here, namely the map
of stacks

(X/Or)™ = (X
We only need to construct such a map in the case of a point X = Spf Ok as this then
induces a map for all X. In this case, it is given explicitly by

Spf O — KNVE = (Spf W (k) (1, £)/ (ut — p)) /G — K™

induced by sending t — 1 and u — p. Note that in the unramified case we end up with the
inclusion of the ¢ # 0 locus or W(k)I® ~ k ~ (kNv&), .5 — k5™ as in [Hau24].

What we first show is that after taking cohomology and rationalizing that the square

RE(X5™, £)[1/p] ————— RI(X{™, E)[1/p]

| |

RI((X/ Ok )™, €)[1/p] —— RI((X/Ok)™, E)[1/p]

becomes Cartesian for £ perfect. This is shown by [Hau24] in the unramified case and
in [Dev25] for Z,[(,]. Once definitions are unwound we will see this claim is essentially
equivalent to Proposition 4.14, similar to the argument in the unramified case in [Hau24].

Corollary 4.15 (Beilinson fiber square for smooth proper X). Let X/ Spf O be smooth
proper, and denote the residue field of K by k. Fix a choice of Breuil-Kisin prism (W (k) [uo], E(uo))
in order to define the maps of stacks as above and let & € Perf(X5™). There is a fiber square

RI(X®®, €)[1/p] —————— RI(XP™, E)[1/p]

J |

RI((X/Ox )™+, €)[1/p] —— RI((X/Ok)™, E)[1/p]

where we write X := X Xgpr 0, Spec k and abuse notation to again write £ for the pullback
to the stacks X3V (X/Og )R, and (X /O )R+,

Proof. By Proposition 4.5, it suffices to prove the claim for X = Spf Ok (note that the
realizations involved commute with pushforwards, by similar arguments as in Lemma 4.4;
see [Hau24]). As already noted, Proposition 4.14 says that the functor

Perf(O™)[1/p] — D*(MF%™)
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is an equivalence. For & € Perf(O}"), write D € D?(MF%") for the image under this
equivalence.

This is the only nontrivial identification in the square. We can identify Perf (£%)[1/p] with
isocrystals Perf?(K,) where Ky = W(k)[1/p], and as we take the de Rham stacks relative
to Ok we trivially have Perf((Ox /O )I®)[1/p] ~ Perf(K) and for the filtered de Rham
stack we get filtered perfect complexes of K -vector spaces (which we denote MF f to align
with usual notation). Now let D be the associated bounded complex of admissible filtered
isocrystals associated to £ € Perf(O3™)[1/p], and let K, = W(k)[1/p] where k is the
residue field of K. Unwinding definitions we can rewrite the fiber square for the case of
Ok as

RHomMpy},wa(K, D)[1/p] —— RHompere () (Ko, Teris(D))

| |

RHOI’HMFK<K, TdR,+<D)) —_— RHOIHK<K, TdR<D))

where we obtain the obvious maps. The only one which needs any inspection is the map
Perf?(Ky) — Perf(K), whichis indeed induced by pullback along the integral map Spf Ox —
k51, We may reduce to D concentrated in degree zero as well by applying Lemma 5.4.3 in
[Hau24], at which point the claim follows from the Ext computations in [EK99] (just as in
the calculation in [Hau24] Proposition 5.2.4, we use Corollary 2.4.4 in [EK99]) O

Remark 4.16. An analogous statement is likely true for all smooth X/Of. Using the
explicit complex computing integral syntomic cohomology, p-torsion control of the total
fiber for reflexive sheaves would be sufficient to deduce this but we do not pursue this here.

Definition 4.17. Let X/ Spf O be a smooth and quasicompact p-adic formal scheme. Define
Perfisoce (X) as the isogeny category C[1/p| of

C = Perf(Xfyn) Xperf((X/OK)dR) Perf((X/(’)K)dR’+).

Individually, all three categories carry a natural t-structure induced by a Noetherian regular
flat covering (which is well-defined by the same argument as X>0),

The Beilinson fiber square then tells us (using the internal RHom and the tensor-Hom
adjunction) in the smooth proper case that we have a fully faithful functor

Beil : Perf(X%™)[1/p] — Perfgeoer (X).

We will next characterize the heart of the ¢-structure on this category. In what follows the
filtration on a filtered F'-isocrystal is more general than what is usually allowed, but the
essential image of Beil will later be shown to be the subcategory of admissible filtered F'-
isocrystals and thus land in the usual subcategory with a stronger filtration condition (for
example the convention of [GR24] for filtered F-isocrystals).
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Definition 4.18. Let X/ Spf Ok be smooth. The category Isoc?(Xs/W (k)) is defined as the
isogeny category of F'-crystals in coherent sheaves on (X;/W (k) )cxis-

We set
flsoc?(X) := Isoc?(Xs/W(k)) Xyearv (x,) Vet (X,)
where Vect” (X,,) is the category of vector bundles (E, V) on X, with flat connection, and

Vect'"(X,,) is the same but with a complete decreasing filtration on E so V is a filtered map
of degree —1 with coherent associated graded.

The functor Isoc? (X, /W (k)) — VectY (X,,) is given by [Ogu84] Theorem 2.15.

A filtered F'-isocrystal is admissible if it is of the form D;s(IL) for a crystalline local system L.
We define D,is as the composite functor Loc%f(Xn) ~ Vect”™(X ,0 )[1/p] — fIsoc?(X)
where the second functor is ﬁcrys from [GR24] Proposition 2.38. Let Perfa™ (X) be the full
subcategory consisting of filtered F-isocrystals £ in perfect complexes where each H'(E) is
admissible.

This variant of D, is compatible with other definitions which are more classical, for ex-
ample that in the appendix of [DLMS24]: using Remark 4.7 in [GR24] one need only check
the filtered F-isocrystal they associate to a crystalline local system T (€) is associated
in the sense of Faltings (see Definition 2.31 in [GR24]). In particular, the subcategory of
admissible objects we use agrees with any other reasonable definition.

The author is not aware of a linear algebraic condition which characterizes admissibility
inside of fIsoc¥(X), and it would be interesting to know of one (for example, pointwise
weak admissibility at each classical point is likely not sufficient).

The category Perfpgocr (X) carries t-structure inherited from the ¢-structure on each of the
categories in the fiber product, constructed analogously from a regular Noetherian flat
cover. In the next proposition we verify this is actually well-defined, i.e. that the relevant
maps in the fiber product are t-exact on isogeny categories; the category

(Coh(XE™) X canxanjo,) Coh(XM+/Ox) ) [1/p]

is the heart of this ¢-structure.

Proposition 4.19. Assume X/ Spf Ok is smooth and quasicompact. There is an equivalence
of abelian categories

Coh(X¥™)[1/p] — Isoc? (X,/W(k))
and moreover

(Coh(XSyn) X Coh(X4R /O ) Coh(XdR’+/(9K)) [1/p] ~ fIsoc?(X).

This describes the heart of Perfggoee (X) with its natural t-structure.

Proof. We start by arguing that Coh(X5¥*)[1/p] ~ Isoc¥(X,/W(k)). We have a natural
functor

Coh(Xfyn)[l/p] — Isoc? (X, /W(k))
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given by restriction to X, (which produces an F-isocrystal for the same reasons as in mixed
characteristic). To deduce this is an equivalence, we may use the same argument we used
to deduce the analogous claim for Coh(X5¥*)[1/p] and the isogeny category of coherent
prismatic F-crystals in mixed characteristic. We may first reduce to when X is smooth
affine by Zariski descent. The idea is then that coherent crystals on (X;/W(k))is after
evaluation on a covering (now taking the prisms (R, p) where R is a p-completely smooth
W (k)-lift) are vector bundles after inverting p by Corollary 3.10. Up to isogeny, we may
then deduce objects on the source and target of (—)x_ come from p-torsionfree ones. As
remarked in [GL23], the argument in Theorem 3.32 of [GL23] shows these p-torsionfree
F-crystals may be fully faithfully lifted via an analogous functor IIx,. From this we can
deduce that the restriction functor (—)x_is an equivalence, by checking the unit of the
adjunction 7 : £ — TlIx,(€|x_) for £ € Coh(X5¥™) is rationally an equivalence to deduce
Ilx, is essentially surjective. Indeed, working locally when X, is affine we have a flat-local
surjection Spf(R (u, ) /(ut—p))/Gm — (X,)%". We know the kernel and cokernel of 1) are
0 restricted to X, hence when pulled back to the cover they are supported on V() C V(p);
it follows that the desired map is rationally an equivalence.

In [Bha22] Remark 2.5.8, explicit descriptions of Vect((X/Ox)) and Vect((X /O )T
are given (and also a general method to describe sheaves, via the identification as a Rees
stack). The first category consists of vector bundles with flat connection and nilpotent
p-curvature modulo p, and the second category adds a Griffiths transversal decreasing fil-
tration by subbundles. We then have fully faithful functors

Coh((X/Ok)*™)[1/p] — Vect¥(X,)

and similarly for the Hodge-filtered de Rham stack with Vect"'". We observe here that up to
p-isogeny Coh((X/Ox)®)[1/p] =~ Vect((X/Ox)®)[1/p], so we do obtain vector bundles
with flat connection after inverting p. For the Hodge-filtered de Rham stack, considering
Coh((X/Ok)®T) has the same effect on the underlying vector bundle with connection
but allows the filtration to be a complete filtration with coherent associated graded; we just
ask that V has degree —1. After these identifications we then obtain a fully faithful functor

(Coh(XE™) X con(xar j0,0) Co(XMF /O) ) [1/p] — flsoc?(X),

observing the left hand side is well-defined as the pullback from Coh(X5¥™)[1/p] to Perf (X} /O )[1/p]
induced by the map of stacks in 4.15 indeed lands in the heart (the other map is clear, as it

simply forgets the filtration). We may identify this pullback functor, after the first equiva-

lence Coh(X5™)[1/p] — Isoc?(X,/W(k)) and unwinding definitions, with passage to the
underlying vector bundle with flat connection associated to the isocrystal.

It remains to check essential surjectivity. The essential image of the natural functor
Coh((X/Ok)™)[1/p] — Vect¥(X,)

consists of vector bundles &, with flat connection where the flat connection arises from
a formal model (£, V) with a flat connection that has nilpotent p-curvature modulo p. By
[Lut90] Lemma 2.2 any coherent sheaf on X, has a formal model, so Coh(X,,) ~ Coh(X)[1/p].
In fact, if (&,, V) € Vect¥(X,,) is obtained from &’ € Isoc?(X,/W(k)), then it has a model
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locally by [Ogu84] Proposition 2.21 so we also have a formal model for the connection. The
sheaf &£, must be locally free, as we may check on an affinoid that the algebraization gives a
coherent sheaf with flat connection on a characteristic zero scheme which must be a vector

bundle.

The desired claim now follows if we can additionally show there is some formal model
for (&,, V) where V has nilpotent p-curvature modulo p if (&,, V) comes from some £’ €
Isoc?(Xs/W(k)). This is clear, since the formal model arises from a crystal and must then
have a quasi-nilpotent connection, or equivalently nilpotent p-curvature modulo p. The
essential image in the filtered case is derived similarly. U

Our next goal will be to describe the entire category Perfg..» (X) without reference to a
stack.

Definition 4.20. Assume X = Spf R is affine over Spf Ok and written as X0®W(k)01<,
where X is a model with an étale map

Xo — Spf W(k)(T})
so that we have an induced basis of@ll%. Let ¢ be a global Frobenius lift on X,,, available in

our local situation via the torus chart.

A flat connection V = 3_, 0,dT; on a vector bundle £ on X,, is called convergent if for e €
I'(X,,&) and 0 < n < 1 we have

1
lim Hlea(e) nl“ =0.

a—0 || (v

Here « is a multi-index.

Let  be a uniformizer for Ok. We set [A)Xn .= (Dx)[1/n] where Dx is the pullback of the
sheaf of crystalline differential operators. Let Perf(ﬁx ) be the category ofﬁx -modules £
whose underlying Ox,-module is a perfect complex on X,,. For the Hodge-filtered variant,
let Perf+(DX ) denote the subcategory of perfect filtered DX -modules where we endow DX

with the order filtration. Here, perfectness means the underlymg Ox, -module is perfect, the
associated graded is perfect, and the filtration is complete.

Finally, we let Perl“"(D(X0 ) denote the category ofD Xo), “modules & with underlying O x,), -
module perfect along with an isomorphism p*E ~ £ and the condition that each H' () viewed
as a vector bundle with connection has a convergent connection.

We can in fact describe the category Perfg,.»(X) explicitly if we are allowed to work
Zariski locally and pick a Frobenius lift. The same argument as Lemma 2.9 in [GR24] justi-
fies that we can locally land in the situation of Definition 4.20.

Proposition 4.21. Assume X is affine and étale over Spf W (k)(T), and choose a global
Frobenius lift ¢ on X,. Then

Perf(X3)[1/p] =~ Perf®(Dxy), )-
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Let X = X()@W(k)OK. Then there is also an equivalence

~

Perfrocs (X) = Perf?(Dix,),) Xpes sy ) Perf™(Dx, ).

Proof. We consider the claim Perf(X5¥")[1/p] ~ Perf‘P(f)(XO)n) first. The crystalline real-
ization defines a functor

Perf(X3™)[1/p] — Perf (X, cris; Oeris) [1/p] 7"
We will deduce this functor is fully faithful using the fiber sequence

RI(XS", €) —— Fild RI(X,, ) 25 RI(X,, ).

Nyg

In our situation X is equipped with a lift Spf R, which also has a global Frobenius lift
due to the framing we are working in. This means that crystalline cohomology can be

computed via the completed de Rham complex Qx(é’ ) of £, and the Nygaard filtration on
RI(X¢S, &) ~ p*RI(X,, &) will have kth filtered piece given by

PPERQ =P e, = - = pEROQETT 5 ERQE 5 EQ QR 5 L

where & is the corresponding object on X§® ~ X This description works when & is in
the heart and p-torsionfree.

It follows that inverting p we get the fiber sequence
RT(X$™, €)[1/p] —— RT(X,.€)[1/p] = RO(X,.£)[1/7].

for £ € Coh(X1). Here we use that crystalline cohomology is recovered as the Frobenius
pullback of prismatic cohomology in positive characteristic so that

RT i (X, E)[1/p]?e= ~ R (X, E)[1/p]?e=".

Then we use the description of the Nygaard filtration; as mentioned in the proof of Propo-
sition 4.19 we may assume £ is p-torsionfree as this is always true up to isogeny. The same
argument as Proposition 4.14 allows us to deduce full faithfulness from this result, as well
as essential surjectivity once we know full faithfulness as we’ve shown the claim on the
heart in Proposition 4.19.

Now we can show ~
Perf (X, eris) Oeris)[1/p]7~" — Perf?(Dx,), )

is an equivalence; we can compute crystalline cohomology as the completed de Rham co-
homology of X,/W (k). This then rationalizes to de Rham cohomology on (X,),, so we
see that the functor is fully faithful by the same “reduction to cohomology" argument
used in Proposition 4.14. Essential surjectivity on the heart follows from the fact that
Isoc?(X,/W(k)) is equivalent to the category of vector bundles € on (Xj),, with a flat con-
vergent connection V and an isomorphism ¢*& ~ £ by [Ogu84] Proposition 2.18. Now that
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we know full faithfulness, since all ¢-structures we work with are bounded and nondegen-
erate we see essential surjectivity follows from compatibility of the functor with shifts and
fibers, using [Hau24] Lemma 5.4.3 and the equivalence on the heart (similar to Proposition
4.14). Finally, the functor Perf(X5V%)[1/p] — Perf(X, eris; Oeris)[1/p]?~" is an equivalence
on the heart by the equivalence Coh(X$¥")[1/p] ~ Isoc?(X,/W(k)) of Proposition 4.19.
This again extends to essential surjectivity by the same argument.

Now we turn to the second claim. To analyze Perf (f)Xn) and Perf+(ﬁxn) we will not ac-
tually need the local form of XA(only that it is smooth). We have fully faithful functors
Perf((X/Ok)™)[1/p] — Perf(Dx,) as well as the filtered variant

Perf((X/Ox)™™)[1/p] — Perf*(Dx,)

with essential images consisting of objects (&, V) admitting an integral model on X where
each cohomology sheaf has a connection with nilpotent p-curvature modulo p. To produce
these functors, one way (among many) is to use a local presentation of the stack X. As
X is smooth, Zariski locally we may assume X is étale over the formal scheme A7, =
Spf Ok (Ty, ..., T,), (X/Ok)®+ ~ (X x AY/G,,)/V(O(—1))#" (the V(O(—1))#" tor-
sor structure given by pulling back the case of A, along the étale map). Using this de-
scription of the stack and filtered Koszul duality, quasicoherent sheaves on the stack can
be interpreted as filtered D-modules for the algebra of crystalline differential operators
with the order filtration. We may use the proof of [BL22b] Lemma 6.7 to translate I'*(E)
coactions to continuous Sym”(E) actions. In particular we can apply this to QCoh([(X x
A'/G,,)/V(E)#]) for V(E)# acting on X x A'/G,, to see this category is equivalent to
Modgym*ev)(X X A'/G,,), the category of quasicoherent sheaves on X x A' /G, equipped
with a continuous action of % (completed with respect to the Sym=" filtration) com-
patible with the action of Sym*(EY) on Oxya1/g,,. Rationalizing, we see sheaves on this
stack are a full subcategory of filtered f)x,, -modules with the order filtration; we can check
perfectness on the open point A!'/G,, and the formal completion on the closed point,
resulting in the definition of Perf+(]3xn). Note that the filtration being complete with
perfect associated graded encodes the second condition. Knowing the first equivalence,
we deduce full faithfulness and may again test essential surjectivity in the second claim
Perffrsoce (X) ~ Perf¢(f)(xo)n) X perf(Dx,) Perf+(]3xn) by reducing to the equivalence on the

heart shown in Proposition 4.19. 0

On the heart, the functor Beil then identifies with the functor D ;s : Locg;S (X,) = flsoc?(X).
This will allow us to characterize the essential image as objects whose cohomology sheaves
are admissible.

Proposition 4.22. The diagram



SYNTOMIFICATION AND CRYSTALLINE LOCAL SYSTEMS 53

Coh(XS™)[1/p] 2L, (COh(Xsy ) X Coh((X/Ox )dR) COh((X/OK)dR’ﬂ) [1/p]

JT& lw

Locg™(X,) Deris fIsoc? (X)

commutes.” Recall that the right vertical arrow is an equivalence by Proposition 4.19.

Proof. It suffices to check the claim locally, so we can even assume that X = X0®W Ok
where X is étale over W (k)(TT, ..., T:) (this reduction follows from Lemma 2.9 in [GR24])

It suffices to show that the following diagram is commutative:

Coh(X3)[1/p] —29 (Coh(X$7™) X con((x /0y yem) Con((X/Og)®H)) [1/p]

J(—)IX ~ l”

Coh?(X , 0 )[1/p] Tori fIsoc? (X)

Here, T is the fully faithful functor to filtered F-isocrystals constructed in Corollary 4.6
of [GR24]. The commutativity of the top square is easy to see once we recall T is given
by taking the restriction functor

eris 1 Coh?(X, O )[1/p] = Coh*(X,, , O )[1/p] ~ Isoc”(X,/W(k))

and using Proposition 2.38 of [GR24] to equip this with a filtration to obtain Te,;. We have
already shown in Proposition 4.19 that T, fits in the diagram

Coh(X5¥)[1/p] L Coh(X5¥)[1/p]

l(—nx y—)Ixs

Coh?(X , 0 )[1/p] —<= Tsoc? (X, /W(k))

so we need only verify that we obtain the same filtration from both constructions. By
Proposition 2.38 of [GR24], what we need to show is that given £ € Coh(X%")[1/p] we
have a canonical identification

Dar(Ter(€)[1/p]) = Elx/0,)tm+[1/]

via the fully faithful functor Coh((X/O)+) — Vect¥'*(X,) allowing us to regard both
sides as filtered vector bundles on X, with a flat Griffiths transversal connection. The
argument in [Hau24] Remark 7.2.9 shows this is the case (the same reasoning works relative
to Ok when X/ Spf O is smooth). O

Recall we define D5 using [GR24] Corollary 4.6, using the equivalence Locgls (Xy,) =~
Vect”*(X , O )[1/p] and then applying their fully faithful functor to filtered F'-isocrystals (which we call
Tis for consistency here).
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Theorem 4.23. Assume X is smooth proper over Spf O. Then Beil induces an equivalence
Perf(X5Y2)[1/p] ~ Perfadm (X).

This equivalence is t-exact and symmetric monoidal.

Proof. To deduce the claimed t-exactness, recall we defined the ¢-structure on the target to
come from the individual ¢-structures on Perf((X /O )48:+), Perf(X5¥1) and Perf (X /O )1®);
the pullbacks to each of these are t-exact rationally. Of these the only non-obvious one is
the pullback to Perf(X5'"), which can be seen by showing the derived pullback of objects

in Coh(X5™)[1/p| lands in Coh(X5¥™)[1/p]; this follows since we have already seen that
up to isogeny we may choose a reflexive representative. By descent we may work Zariski
locally to assume X = Spf R, where we have a cover Reesgy,)eRo[uo] of X5 induced by

a corresponding Breuil-Kisin prism with a compatible cover Rees,e Ry — X" given by
the vy = 0 locus. By this, we mean there is a commutative square

Reespe Ry —— Reesgug)eRo[uo]

| |

Syn Syn
_—
XS X .

The existence of the reflexive (hence wug-torsionfree) representative shows the derived pull-
back to the cover Rees,s R of X5 is coherent, hence the pullback lands in Coh(X5™)[1/p).

By Corollary 4.15, we know Beil is fully faithful so we need only show that the essential im-
age is Perf3d™ (X). Each H*(Beil(£)) is an admissible filtered F-isocrystal by Proposition
4.22 and using t-exactness of Beil, we see the essential image of Beil is a full subcategory
of Perf3I™, (X).

The functor Beil is symmetric monoidal essentially by construction, as the functor on each
component of Perfyg,cs (X) is induced by a pullback. To show every object of Perf3i™ (X)
is in the essential image, since we already know Beil is fully faithful in the derived sense,
t-exact, and an isomorphism on the heart, Lemma 5.4.3 in [Hau24] can be used to deduce
essential surjectivity as the ¢-structures are bounded and nondegenerate. O

REFERENCES

[AKN23] Benjamin Antieau, Achim Krause, and Thomas Nikolaus, Prismatic cohomology relative to §-rings,
Preprint, https://arxiv.org/abs/2310.12770, 2023.

[AKN24] , On the K-theory of 7. /p", Preprint, https://arxiv.org/abs/2405.04329, 2024.

[AMMN22] Benjamin Antieau, Akhil Mathew, Matthew Morrow, and Thomas Nikolaus, On the Beilinson
fiber square, Duke Mathematical Journal 171 (2022), no. 18, 3707-3806.

[Ando1] Yves André, Différentielles non commutatives et théorie de galois différentielle ou aux différences,
Annales scientifiques de ’Ecole normale supérieure, vol. 34, 2001, pp. 685-739.

[Bha20] Bhargav Bhatt, Cohen-Macaulayness of absolute integral closures, arXiv preprint arXiv:2008.08070
(2020).

[Bha22] , Prismatic F-gauges, https://www.math.ias.edu/~bhatt/teaching/mat549f22/lectures.pdf,

2022.


https://arxiv.org/abs/2310.12770
https://arxiv.org/abs/2405.04329
https://www.math.ias.edu/~bhatt/teaching/mat549f22/lectures.pdf

[Bj679]
[BL22a]

[BL22b]
[BMS19]
[BS23]
[CF00]
[Dev25]
[DLMS24]
[Dri24]
[EK99]
[GL23]
[GMW23]
[GR24]
[Hau24]
[HP24]
(IKY24]
[Kis06]
[Liu25]
[LM25]

[Lur18]
[Liit90]

[MM25]
[Ogus4]

[Oor64]

SYNTOMIFICATION AND CRYSTALLINE LOCAL SYSTEMS 55

J-E Bjork, Rings of differential operators, vol. 21, Elsevier, 1979.

Bhargav Bhatt and Jacob Lurie, Absolute prismatic cohomology, Preprint, https://arxiv.org/abs/
2201.06120, 2022.

, The prismatization of p-adic formal schemes, Preprint, https://arxiv.org/abs/2201.06124,

2022.

Bhargav Bhatt, Matthew Morrow, and Peter Scholze, Topological Hochschild homology and inte-
gral p-adic Hodge theory, Publications mathématiques de I'THES 129 (2019), no. 1, 199-310.
Bhargav Bhatt and Peter Scholze, Prismatic F-crystals and crystalline galois representations, Cam-
bridge Journal of Mathematics 11 (2023), no. 2, 507-562.

Pierre Colmez and Jean-Marc Fontaine, Construction des représentations p-adiques semi-stables,
Inventiones mathematicae 140 (2000), no. 1, 1-43 (French).

Sanath Devalapurkar, Spherochromatism in representation theory and arithmetic geometry, Ph.D.
thesis, Harvard University, 2025.

Heng Du, Tong Liu, Yong Suk Moon, and Koji Shimizu, Completed prismatic F-crystals and crys-
talline Zy-local systems, Compositio Mathematica 160 (2024), no. 5, 1101-1166.

Vladimir Drinfeld, Prismatization, Selecta Mathematica, New Series 30 (2024), no. 3, Article 49.
Matthew Emerton and Mark Kisin, Extensions of crystalline representations, preprint (1999).
Haoyang Guo and Shizhang Li, Frobenius height of prismatic cohomology with coefficients,
Preprint, https://arxiv.org/abs/2309.06663, 2023.

Hui Gao, Yu Min, and Yupeng Wang, Hodge—Tate prismatic crystals and Sen theory, Preprint,
https://arxiv.org/abs/2311.07024, 2023.

Haoyang Guo and Emanuel Reinecke, A prismatic approach to crystalline local systems, Inven-
tiones mathematicae 236 (2024), no. 1, 17-164.

Maximilian Hauck, A stacky approach to p-adic Hodge theory, Preprint, https://arxiv.org/abs/2409.
10557, 2024.

Lars Hesselholt and Piotr Pstragowski, Dirac geometry I1: Coherent cohomology, Forum of Math-
ematics, Sigma 12 (2024), e27.

Naoki Imai, Hiroki Kato, and Alex Youcis, A Tannakian framework for prismatic F-crystals,
Preprint, https://arxiv.org/abs/2406.08259, 2024.

Mark Kisin, Crystalline representations and F-crystals, Algebraic Geometry and Number Theory:
In Honor of Vladimir Drinfeld’s 50th Birthday, Birkhauser Boston, 2006, pp. 459-496.

Zeyu Liu, A stacky approach to prismatic crystals via q-prism charts, arXiv preprint
arXiv:2504.07005 (2025).

Dhilan Lahoti and Deven Manam, Cohomology theories in the moduli of ring stacks, arXiv preprint
arXiv:2510.09582 (2025).

Jacob Lurie, Spectral algebraic geometry, preprint (2018).

Werner Liitkebohmert, Formal-algebraic and rigid-analytic geometry, Mathematische Annalen
286 (1990), no. 1, 341-371.

Keerthi Madapusi and Shubhodip Mondal, Perfect f-gauges and finite flat group schemes, arXiv
preprint arXiv:2509.01573 (2025).

Arthur Ogus, F-isocrystals and de Rham cohomology II—Convergent isocrystals, Duke Math. J. 51
(1984), 765-850.

Frans Oort, Yoneda extensions in abelian categories, Mathematische Annalen 153 (1964), no. 3,
227-235.

Email address: dpentlandemath.harvard. edu


https://arxiv.org/abs/2201.06120
https://arxiv.org/abs/2201.06120
https://arxiv.org/abs/2201.06124
https://arxiv.org/abs/2309.06663
https://arxiv.org/abs/2311.07024
https://arxiv.org/abs/2409.10557
https://arxiv.org/abs/2409.10557
https://arxiv.org/abs/2406.08259

	1. Introduction
	2. Preliminaries
	3. Reflexive sheaves on XSyn
	4. Perfect complexes up to isogeny on XSyn
	References

