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1 Overview

There are various classical results in differential geometry which arise as subcases of the
Atiyah-Singer index theorem that were discovered much before it, such as the Hirzebruch-
Riemann-Roch theorem, the Hirzebruch signature theorem, or even the more classical
Gauss-Bonnet theorem. The common thread between these results is that they express
the analytic index of some differential operator in terms of cohomology, giving a topo-
logical formula. The question of finding a general formula for a larger class of differential
operators was posed in 1960 by Gel’fand in [Gel60].



The Atiyah-Singer index theorem was originally proved in [AS63] in 1963 by Atiyah and
Singer, where they applied cobordism theory to write down the analytic index in terms
of characteristic classes. This was later reformulated in terms of K'-theory in [AS68]. The
idea is that the analytic index of an elliptic psuedo-differential operator D depends only
on the symbol o (D). Further, the symbol naturally produces a class [o(D)] € K(TX),
and from there one defines a topological index on K -theory that is shown to agree with
the analytic index. It turns out that the definition of the topological index is quite simple
for K-theory. Let i : TX — TR" be the map induced by an embedding of X into
R", and let iy : K(TX) — K(TR") denote the wrong-way map (coming from the
Thom isomorphism). We then set t-ind(D) := 4 [o(D)] € Z, using the isomorphism
K(TR™) ~ Z.

The K-theory formulation of the index theorem is then the following.

THEOREM 1.1. Let X be a compact manifold, and D an elliptic pseudo-differential
operator on X. Then
a-ind(D) = t-ind(D).

What is shown in the proof is that when we interpret the notion of an index as certain
assignments of homomorphisms indx : K(TX) — Z for each compact Riemannian
manifold X, then an index is uniquely determined by being the identity K (x) — Z
when X = * and behaving as

indx @) i! = indy

for a proper embedding Y — X. It then suffices to prove the analytic and topological
indices satisfy these properties and therefore must agree.

A downside of this formulation is that K (TX) is a global object and it would be prefer-
able to have an integral formula for the topological index, for example like we have in
the Hirzebruch-Riemann-Roch theorem. This is indeed the case, and takes a similar form
involving the Todd and Chern classes! It can be proven that

t-ind(D) = (—1)”/ 7 Td(TX ® C)ch([o(D)]).
TX

Here, 7 is the projection TX — X and dimgr X = n. This is local in the sense that it

is now an integral, and hence can actually be computed locally (unlike the K-theory

definition).

A natural question to ask is whether or not one can deduce the integral formula directly,
without involving global objects like K (TX) in the proof. One way to do this is through
the heat kernel approach, which is the method we will be using. We will focus on a
more restrictive version of the index theorem for Dirac operators for this method, but it
is worth noting that this is not an important restriction since elliptic pseudo-differential
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operators look locally like Dirac operators, and the general index theorem can be de-
duced from the Dirac operator case. The version of the theorem we will show is the
following, and definitions of each side will be given in later sections.

THEOREM 1.2 (Atiyah-Singer). Let X be an even-dimensional compact oriented Rie-
mannian manifold, and let £ be a graded Clifford bundle on X with associated Dirac
operator D. Then

a-ind(D) = t-ind(D),

where t-ind(D) is defined as
/ R(X) A ch(£/9)
X
where ch(£/5) is the twisted Chern class of a Clifford module and A is the A-genus.

This can be deduced from the version of the theorem using K-theory, as previously
mentioned. We will give a version of the proof of this theorem which directly proves the
(now locally computable) integral formula for the topological index using heat kernels
closely following the exposition in [Roe99]. The basic idea of the heat kernel proof is
that both the analytic and topological indices have interpretations as supertraces via
str(e_tDz), but in different limits. For the analytic index, this is not hard to show for
t — o0, and for ¢ — 0 through some difficult asymptotics we can obtain the topological
index. To prove the index theorem, one shows that this supertrace is independent of ¢
and so both limits must be the same.

In more more detail, the first thing to show is that
a-ind(D) = str(e*P”)

as t — oo. Then, the McKean-Singer formula gives for all ¢ > 0

a-ind(D) = str(e*P*) = / str(Ky(x, z))dvol(x)
X
where K, is the heat kernel. In particular, the supertrace is independent of ¢. Being able
to directly write down an integral for the analytic index is part of the significance of this
approach: by writing the index this way, we can more directly express it as an integral
over the heat kernel and the main task is now to relate this integral to the one defining
the topological index.

Appealing to independence of ¢ we can analyze the integral [, str(K;(z,z))dvol(x) in
the limit as ¢ — 0 to compare to t-ind(D). Using an asymptotic expansion of the heat



kernel due to Getzler in the limit as ¢ — 0, plugging this into the supertrace will yield

/X str( K (z, z))dvol(z) = (4r) /> /

X

R/2
d t1/2 ek _Fg/S ]
¢ (sinh(R/Q)) o)

Here, wp,) denotes the n-form part of w € Q°(X). One can see that the n-form part of

det!/? (Sinf(/; /2)) term is just the A-genus applied to X and exp(—F¢/9) is the twisted

Chern character. Thus, this is precisely the topological index, and so a-ind(D) = t-ind(D).

Notation. Throughout, we will assume that X is a compact oriented even-dimensional
Riemannian manifold unless otherwise stated. We will use a-ind(D) for the analytic
index of a differential operator, and t-ind(D) for the topological index.

We will use £ to refer to a Clifford bundle on X, and D for the associated Dirac operator.

2 Clifford bundles and Dirac operators

2.1 Clifford bundles

In this section, I will discuss some preliminaries on Clifford modules and Dirac operators
following [Roe99] and [Fre87].

First, we will recall the classical notion of a Clifford algebra.

DEeFINITION 2.1. Let V be a finite-dimensional real vector space and let () be a

quadratic form. The algebra C1(V, Q) is defined as
TV)/(v@w+w®v+2Q(v,w)),

where T(V') denotes the tensor algebra of V.
There is an involution o on Cl(V, @) induced by the map v — —v. This map preserves
the quadratic form and hence induces an automorphism « of the Clifford algebra.

As avis an involution, one may decompose Cl(V, Q) into positive and negative eigenspaces
of «. This gives a Z /27 grading

CI(V,Q) = CL_(V,Q) & CL.(V, Q).

The fact that the underlying vector space is canonically Z /2Z-graded, or is a super vector
space, means this is a superalgebra.



DEFINITION 2.2. A graded Clifford module £ is a module over Cl(V, Q) equipped
with a Z/2Z-graded £ = &£, © &_ such that Clifford multiplication by v € V
interchanges £, and £_.

With this being taken as the local definition, we want to generalize to bundles on an
even-dimensional compact oriented Riemannian manifold X. Call the metric on X g.

DEFINITION 2.3. Let Cl(X) denote the natural bundle with fibers C1(T,X, g,). A
Clifford bundle is a vector bundle £ with an action map

cl: Cl(X) — End(&)

equipped with a Hermitian metric /4 and connection V such that

+ The Clifford action of each v € T, X is skew-adjoint on &, with respect to h.
That is,

h(cl(v)(s1), s2) + h(s1,cl(v)(s2)) = 0.

+ The connection V¢ is compatible with the Levi-Civita connection V€ on X,
in the sense that

[Ve.cl(v)] = cl(V(v))

for v € C*°(CI(X)). Note here V'C is really the induced connection on
CI(TX).

We then want the graded version of this definition, which is now straightforward.

DErFINITION 2.4. A graded Clifford bundle is a Clifford bundle £ equipped with a
decomposition
(C: - 5+ ©® (C:,

respecting the metric 2 and connection Vg such that on each fiber Clifford multi-
plication exchanges £, and £_ (i.e. each fiber is a graded Clifford module).

REMARK 2.5. We will frequently use the adjective ‘super’ to indicate that an object
comes equipped with a Z /2Z-grading compatible with its usual structure. We could
then also call a graded Clifford bundle a Clifford superbundle.

These adaptations are largely straightforward, for example a super vector space is
a Z/2Z-graded vector space V = V @ V_. We will often consider the supertrace
of an endomorphism f, which on a vector space is tr(f|v, ) — tr(f|v_).



2.2 Dirac operators

Clifford bundles on X come equipped with Dirac operators, and if graded come with
graded Dirac operators.

DEFINITION 2.6. The Dirac operator D of a Clifford bundle £ is a first-order differ-
ential operator on C'°(&) defined via the composition

D:C®(E) —s OX(TX®E) —2 CX(TX®E) —Ls C=(E).

where ¢}, is given by the canonical identification of T*X and TX given a Hermitian
metric h (coming from £) and the final map is induced by the Clifford action cl.

In local orthonormal frame ¢;, we have
Ds = ch(ei)vis.
For a graded Clifford bundle, the same method produces a Dirac operator D. It is now

graded, in the sense it swaps sections of £, and £_. This is simply due to the Clifford
multiplication involved in the last part of the definition of D. This tells us that it has the

form
0 D_
p-(p )
The operator D is formally self-adjoint on X as it is compact and oriented, meaning
/ (Ds1, s9)dvol = / (s1, Dsy)dvol.
X

X
Note that this holds without assuming X is compact if we just take compactly supported
sections. This is because we have the identity

(Ds1, s2) = div(V) + (s1, Dsa)

where V = ) .(cl(e;)s1, $2)e; in an orthonormal frame e;. Upon verifying this by ex-
panding in local coordinates, since the integral of div will vanish the claim follows. Due
to the form of D, this tells us D} = D_.

Classically, a Dirac operator means it squares to the Laplacian operator on a vector bun-
dle. Theorem 2.7 justifies the name. Recall the symbol of a linear differential operator

D:C>®(&) — C*(€) is the map
oD): T"X®&E—E

given locally by o(D), : df, — [D, f]. € End(&,). Here, we take f € C°(X) and
regard multiplication by it as an endomorphism of £.



THEOREM 2.7. The operator D is a first-order elliptic operator. Moreover, the princi-
pal symbol of the operator D? is o(D), = —||df]|? so D? is a generalized Laplacian.

Proof. We just need to compute [D, f].. We write D as
C=(E) —2s OX(TX®E) —2s C(TX®E) —Ly C=(E),

and then note that the Leibniz rule for V¢ gives [V¢, f] = df and so [D, f] = cl(df)
(here we used the identification ¢;,). This shows the first claim. This also shows [D?, f]
is cl(df)? = — [df]2 0

There is also an extremely useful Weitzenbdck identity relating D? to a connection Lapla-
cian.

THEOREM 2.8 (Weitzenbock identity). We have
D?s = ViVes + Ks

where Ks is the Clifford contraction of curvature and V% is the formal adjoint (with
respect to the metric on £).

Proof. This can be proved by expanding in a local orthonormal frame but becomes some-
what lengthy. See Proposition 2.2.26 in [Nic13] for a detailed derivation. O]

The operator V;V¢ appearing here should be thought of as analogous to the connection
Laplacian, following the usual definition V*“*VC on X for the connection Laplacian.

ExampLE 2.9. Let D = d 4 d* be the de Rham operator acting on (2%, with grading
operator given by (—1)? on Q% (this means the +1 eigenspace is £, and the —1
eigenspace is £_). Exterior algebras A*V naturally carry an action of CI(V, Q),
which gives us the graded Clifford bundle structure. Giving the obvious connection
d and a hermitian metric, we see the Dirac operator is d + d*.

Note that D squares to the Hodge laplacian, which we know by the usual Weitzenbock
formula differs from the connection Laplacian by a term involving the curvature.
We see both of the previous theorems here: D? is a generalized Laplacian, and more-
over it differs from the connection Laplacian by a curvature term.



2.3 Chern classes on Clifford bundles

The usual idea of a Chern class is that topological complex vector bundles on X can
be regarded as principal U(n)-bundles, and so are classified by [X, BU(n)]. A natural
transformation

[—.BU(n)] — H(—, Z)

amounts to an element of H (BU(n), Z) by the Yoneda lemma. Upon computing the
cohomology of BU(n), we see it is generated by universal characteristic classes given
by the Chern classes ¢; € H*(BU(n),Z). This construction gives us the topological
definition of the classes ¢;(—) € H?*(X,Z) which assemble into a total Chern class
c(—). The total Chern class ¢(—) := ), ¢;(—) has the following properties.

« We have ¢;(€) = 1 and ¢; = 0 for ¢ > rank(&).
« (Naturality) For a continuous map f : Y — X, ¢(f*E) = f*c(E).
« (Whitney sum) If £ ~ &' & £”, then ¢(&) is the cup product ¢(E’) — ¢(E").

« (Normalization) If £ is the tautological line bundle on CP>°, ¢;(£) = e(Er) where
e is the Euler class and &g is the underlying real bundle.

These properties uniquely characterize the total Chern class, which can be seen by ap-
plying the splitting principle. You can also check that ¢, (£) agrees with the Euler class
for O(—1) on CP! for the normalization, as this is easier to compute.

Chern classes can also be understood via Chern-Weil theory, which is a more productive
perspective here. There, the following definition is made:

DEFINITION 2.10. Let V be a complex vector bundle. We define
ch(V) := [tr(exp(—Fy/2mi))] € H*(X, Q).

Here Fy € Q?(End(TX)) is the curvature of any connection on V.

To check this agrees with the purely topological definition, we just verify the previously
stated axioms (none of which are too difficult).

The definition of the twisted Chern class of a Clifford module is made in a similar spirit,
but cannot be made as directly: both tr and Fy are not appropriate for Clifford bundles,
as they do not take into account that we have changed the category from vector bundles
to graded Clifford bundles. For example, the notion of trace comes from vector spaces
but we want our definition to come from the correct notion for graded Clifford modules.

Let £ be a Clifford bundle with Dirac operator

D:CO%(E,) = C®(E).
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The connection V¢ gives rise to a curvature Fy, € Q*(End(€)). We have an isomor-
phism
End(é’) >~ CI(X) X Endm(x) ((9),

where we are considering everything as super vector bundles. Here, C1(X) again refers
to the bundle with fiber C1(T,X, g,) used in the definition of a Clifford bundle.

Thus, we may regard the curvature Fy, as an element of Q?(C1(X) ® Endcyx)(€)). Itis

also possible to regard the curvature R of the Levi-Civita connection on X as a section
of this bundle.

Naturally, R € Q%(s0(TX)). But there is a natural map
s50(TX) — ClI(X)

induced by fiberwise applying the isomorphism between so(V) and spin(V), which is
the degree two component in the natural grading of C1(V,Q) = CI’@ Cl' @ ... & CI"
where n = dim V. In particular, we may regard R as a section in Q%(C1(X)), and there-

fore a section cl(R) of Q*(Cl(X) ® Endcyx)(£)).

In local coordinates, by definition this means

c(R) = % ZQ(R((%’, ej)er, er)cl(e®)cl(ef).

k<t

The map cl : C1(X) — End(€) in the definition of a Clifford bundle, but here applied to
covectors via the canonical identification through the metric g.

LEMMA 2.11. The difference
F&% .= Fg, — cl(R) € Q*(C1(X) ® Endeyxy(€))

actually lies in Q*(Endcy(x)(€)).

Proof. See Proposition 2.2.23 in [Nic13]. ]

DEFINITION 2.12. The section F¥/% = Fy, — cl(R) of Q2(Endcyx)(€)) is the twist-
ing curvature of £.

REMARK 2.13. This is related to the curvature K in the Weitzenbock identity. After



expanding in local coordinates, one sees

K= %’) + cl(FE/9),

where s is the scalar curvature.

Next, we need to define the relative trace. We need a notion of supertrace on Endcyx) (&),
and the supertrace on End (&) is not suitable as it does not use the Clifford bundle struc-
ture. However, there is a good way to identify Endcyx)(€) with endomorphisms of a
superbundle so that we can apply the usual notion.

DEFINITION 2.14. Assume dimg V is even. There exists a graded Clifford module S
called the spinor module such that induced map

Cl(V) ® C — Endc(S)

via the structure map is an isomorphism. This graded Clifford module S is unique
up to isomorphism.

The existence and uniqueness claims in this definition are shown in Proposition 2.2.4 of
[Nic13].

This gives rise to a twisting space £/S := Homcyvyzc(S, V). Then we have an isomor-
phism of superalgebras

Endm(v) (g) >~ Endc(g/S)
Call the image of I under this isomorphism F'/S.

DEFINITION 2.15. Let & be a graded Clifford module and let F' € Endcyvy(€). We
define the relative supertrace str®/%(F) := str(F/S), using the natural superalge-
bra structure on Endg(€/S).

We can globalize this definition to apply to a graded Clifford bundle £ by applying the
relative supertrace fiberwise. With the appropriate definitions in place, we can define
the twisted Chern class in the same spirit as Chern-Weil theory.

DEFINITION 2.16. Let £ be a graded Clifford module. The twisted Chern class is
given by
ch(£/8) := [str/(exp(—F¢/%/21i))] € H*(X, Q)

£/8

where F€/9 is the twisting curvature and str®/* is the relative supertrace.
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3 The analytic and topological index

3.1 The analytic index

With the definitions we have made so far, the definition analytic index is now fairly easy
to write down. Beginning with a linear operator T : V — W of vector spaces, we can
note that

dim ker T' — dim coker T

is dim V — dim W and hence constant, despite neither of these numbers being constant.

The operator D we consider is a map C*°(X) — C°°(X). In particular, we want to use
infinite dimensional Hilbert spaces and not vector spaces. Moreover, the natural general
class of operator to consider is that of Fredholm operators: these are operators T with
ker T and coker T finite dimensional.

THEOREM 3.1. Let Fred(V) be the space of Fredholm operators of an infinite dimen-
sional separable Hilbert space V. Then there is an isomorphism

ind : [X, Fred(V)] ~ K°(X).

This result is useful as motivation but not directly relevant to the proof of the index
theorem, so we will only give a sketch illustrating the main idea.

Proof sketch from [Fre15]. Let f : X — Fred(V) be a continuous map. To its homotopy
class [f], we can associate a virtual vector bundle ind(f) = £ with

&, = [ker f(x)] — [coker ()]
This gives a well-defined morphism of monoids
[X, Fred(V)] — K°(X)
where [X, Fred (V)] obtains a monoid structure via composition in Fred(V). Given that

K°(X) is an abelian group, is suffices to prove that this is an isomorphism of monoids.

The main idea behind surjectivity is that any class in K°(X) actually has the form [£]— N
for an integer NV and vector bundle £. Since V is infinite dimensional separable, after
picking a basis {e;};>1 we have shift operators T}, which send e; — €;_j, or 0 if i < k.
These have dim ker T}, — dim coker T}, = k since the cokernel is trivial. This means the
image contains Z, so it suffices to produce [£] — N¢ where N¢ is some integer depending
only on &.

Given &, we now want to construct the corresponding function f : X — Fred(V).
Embed £ in a trivial bundle &, and let p, € End(€) be the orthogonal projection with
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kernel £,. Embed £ — V and extend p, by the identity on EL. The element z —
Pz € [X, Fred(V)] gets sent to [£] — [coker p,], where coker p, is constant. This proves
surjectivity.

Next, we want to show injectivity. Suppose that ind(f) = 0. Then for some finite-
dimensional vector space W there we have

¢ : [ker f(z)] ® W =~ [coker f(z)] & W
where W denotes the trivial vector bundle with fiber W at each point. This is because
& = [ker f(x)] — [coker f(z)] has a trivialization.

Using the fiberwise isomorphisms ¢,, we obtain for x € X isomorphisms
fotps : VOW = VOEW

where f, is an isomorphism between (ker f(x))* and (coker f(x))* induced by f. Then
the map t — f + tp is a homotopy from f to this family f 4 . The latter is a family
of isomorphisms, however, and it turns out that End(V)* is contractible in the norm
topology for any Hilbert space V. It follows that f was homotopically trivial to begin
with. O

Take X = pt. Then Theorem 3.1 says moFred(V) ~ Z, and the map is now given by
dim ker T' — dim coker T

which is an integer since for a Fredholm operator both spaces are finite-dimensional.
Note that
dim coker T' = dim ker T*,

so we can redefine this as dim ker T' — dim ker T*. This defines the index of a Fredholm
operator and gives us an interpretation as measuring the connected component it is in.
Moreover, on top of calculating connected components, the result also tells us that the
homotopy type of Fred(V) is BU x Z as this is the homotopy type representing the
functor K°.

In the context of a Dirac operator viewed as a Fredholm operator, noting (D, )* = D_

we arrive at the following definition of the analytic index.

DEFINITION 3.2. Let D be a Dirac operator on a graded Clifford bundle. Then
0 D_
b= (8 ).
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We define
a-ind(D) := dimker D, — dimker D_.

Note that this is equivalently the supertrace of the projection 7 : £ — ker D, regarding
the fibers as super vector spaces.

ExaMPLE 3.3. Continuing the example of the de Rham operator, if D = d4-d* acting
on 2%, we have a-ind(D) = x(X). De Rham’s theorem tells us that

Z(—ni dimg H/(X;R) = Z(—w’ dimg Q% (X)

Note that after using de Rham’s theorem to translate the sum to singular cohomol-
ogy, we need to use that X is compact and oriented and even dimensional to apply
Poincare duality. This gives us the alternating sum of ranks of homology groups,
which is the actual definition of y(X).

An important fact about the analytic index is that it can in fact be calculated using the
supertrace of rapidly decreasing functions of D?. We will see later it can be calculated
as a supertrace of e~*" ’ independently of ¢. In fact, one can develop a calculus for Dirac
operators in which f(D?) makes sense for any rapidly decaying function f (and we again
have a similar supertrace interpretation) which can be used to prove the topological
invariance of the analytic index.

3.2 The topological index

Next, we move to the definition of the topological index. This involves the construction
of the A-genus, and the twisted Chern class of a graded Clifford bundle.

As we have already described Chern classes on Clifford bundles, we only need to define
the A-genus which was originally one of the motivations for the discovery of the index
theorem. The exposition on genus theory in this section is based on [MS74].

DEFINITION 3.4. A genus is a ring homomorphism
¢ : MSO, - R

where R is some ring and MSO, is the oriented cobordism ring.

For the K-genus, this is a homomorphism

MSO, — Q.
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Once MSO, has been computed, it is possible to give a complete description of all genera
to the rational numbers.

TuEOREM 3.5 (Thom). We have MSO, ® Q ~ Q[CP? CP* CP¢,...]. Here, we
mean the cobordism classes of CP%*.

This tells us that the oriented cobordism ring is just a polynomial ring over Q with
generators in degree 4k rationally. It is now possible to identify what exactly the homo-
morphisms to Q are. This also tells you that the data of a genus is just the assignments

O(CP?).

To compute the value of the genus on a particular manifold X is a different question.
The idea is to give a formula in terms of Pontryagin numbers, based on the sequence
®(CP?"). A Pontryagin number can be defined in terms of Chern classes.

DEFINITION 3.6. Let V be a real vector bundle. The Pontryagin class py, is defined
as co(V ® C) in H*(X, Q), with total Pontryagin class p = Y, pr, € H**(X, Q).
A Pontryagin number is the output of pairing a cup product of Pontryagin classes
Py, living in the top cohomology group of X with the fundamental class [X].

Given a genus @ specified by ®(CP?*), actually giving the formula for ®(X) in terms
of Pontryagin classes requires some additional setup. Define

. p2k+1
logg(w) = )  ®(CP Jor 1
k>0
and set the characteristic series to be
U
K@(U) = .
logq,l(u)

Finally, to give a formula, we define

thn(plv Ce 7pn) = [K@(UﬂK@(Ug) . -]4n

where [—|4, means taking the degree 4n part with u; in degree 2i. Here, the p; are the
1th symmetric polynomials in the uf Hirzebruch’s formula is then as follows.

TuEOREM 3.7 (Hirzebruch). Given the sequence ®(CP?¥), we can compute

P(X) = /Xbe,n(plw--’pn)
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where p,, is the nth Pontryagin class and dim X = 4n.

Note that K¢ ,,(p1, . - ., pn) lives in the top cohomology class, so we can integrate it. Note
that by the result that the oriented cobordism ring has generators in dimension 4k, in
other dimensions manifolds are cobordant to the identity (rationally). Thus, this tells us
how to compute a genus via Pontryagin numbers.

DEFINITION 3.8. The /Ak—genus is defined by the characteristic series

Tu
Ki(u) = — 2
AW sinh(3u)

This yields the formula A(X) = 1 — 301+ =55 (—4p2 + Tp7) + ... € HY(X).
To get the actual number given by A : MSO, — Q, you pair with the fundamental class.

If X is a smooth manifold, we can also integrate a differential form.

Note that the K-genus arises in the framework we have already set up: when X is a closed
spin manifold of even dimension, A (X) = a-ind(D) where D is the Dirac operator on the
spinor bundle S by the index theorem. In particular, the X-genus is actually an integer in
this case. But as the following examples show, this is not at all clear from the definition.

ExAMPLE 3.9. Consider X = CP2. Then we have a total Pontryagin class
p(X) = (1+¢)?

where ¢ € H*(X, Z) is a generator. This means [, p; will give 3, so we get :&(CPQ) =
~1/8.

As a more nontrivial example, let X be a degree four hypersurface in CP?. This is
a spin manifold since it is a K3 surface, defined by an exact sequence

0 —— OCP3(_4) E— OCP3 > OX > 0.

Here, we can compute

;_411?1 (X) = 2_14(202()() —a(X)).

Now ¢;(X) = 0 since the canonical bundle of this K3 surface is trivial: it is Ox (4 —

4) ~ Ox.
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Now ¢3(X) = 24. Using the exact sequence, we see x(Ox) = 2. But then Noether’s
M, s0 co(X) = 24. Putting this all together,
the K—genus is 2, an integer! Note that we are implicitly using a comparison be-
tween characteristic classes in algebraic geometry and topology here.

formula for y(Ox) says this is

For our purposes, we would like a more explicit formula for a differential form corre-
sponding to the A- -genus. This is what we will use for A( ) in the definition of t-ind(D).

THEOREM 3.10. Asusual, let X be a compact oriented even-dimensional Riemannian
manifold. Equip TX with the Levi-Civita connection V“. Then

where R is the curvature tensor regarded as a matrix of 2-forms in Q?(X, End(TX))
so that we can take its determinant.

Proof. Assume dim X = 4n. In terms of curvature, the total Pontryagin class has a

formula
2n

p = [det(1 — R/2m)] = [J(1 + «7)
i=1
where z; are the Chern roots. Similarly, by expanding we obtain

et (%) H ?é )

in terms of Chern roots.

Now take our definition )

L
sinh(3v/u)’
Translating this into Chern roots, we get the exact same formula. Indeed, the form /AX(X)
is given by K5, (p1,- -, Pn), and writing p; as the jth symmetric polynomial in the 7
we see from Theorem 3.7 that

2n lU‘ 2n ll"
Kz, (D1, pn) = —2 | = —2
A, Hsmh(%ui) i Hsmh(%xi) .

as 7 = u?. This then agrees with the previous formula (terms outside of degree 4n do
not matter: the integral only cares about the degree 4n part of the form).

K3 (u) =

Note that we are free to assume dim X = 4n, as in dimension 4n + 2 the same formulas
show both are zero (the Pontryagin classes appear in degrees divisible by 4). O
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This will be essential in proving the index theorem, as the heat kernel method can only
hope to provide a differential form and not a cohomology class. It also provides a con-
cise formula for the differential form we can hope to prove, unlike the formula for the
cohomology class which requires some work to expand.

We can now define the topological index.

DErFINITION 3.11. Let £ be a graded Clifford bundle on an even-dimensional com-

pact oriented Riemannian manifold X and let D be the associated Dirac operator.
Then

-ind(D) = / A(X) A ch(£/S).

4 Heat kernels

4.1 Calculus of Dirac operators

Knowing D? is a generalized Laplacian, the heat equation on a graded Clifford module
£ is given by

0s

— +D?s = 0.

BN + D%s

As with the usual heat equation, given an initial value sy which is smooth there is a
unique smooth solution s; for ¢ > 0. To show uniqueness, note that two different solu-
tions s; and S; have a difference which is a solution for s; = 0 that is nonzero. But one
can compute

0
a”StHQ = —<D2St, St> — <St,D2St> = —2HD281§H2 S 0.

It follows that [|s:]|*> < ||so
solutions are unique.

2 s0if sy = O the only solution is the zero solution. Thus,

t

. . _+D2 . .
For existence, there is an operator e ‘7" which comes into play. Indeed, we can observe

that

gives a solution. This is because

ds
a—tt +D?%s, = —D2€_tD280 + D2€_tD280 =0.

To make sense of these statements and develop the theory of the heat equation further, it
is useful to develop a general functional calculus for Dirac operators on Clifford bundles

.
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Let Spec D denote the set of eigenvalues of D. Being formally self-adjoint, eigenvalues
of D will be real and it can be shown they form a discrete subset of R. Moreover, they
are countable and yield a decomposition

L*(€) = P H.

into finite dimensional eigenspaces. Recall that earlier we had thought of D as an oper-
ator purely on C*(€); here we are thinking of it as an unbounded operator on L?*(&),
so it only needs to be defined on the dense subspace C*°(E).

Any section s € L?(€) then has a Fourier expansion

S = E SA

AESpecD

where s, is the component which belongs to the A-eigenspace of D.

DEFINITION 4.1. Suppose that f is a bounded function on Spec D C R. Define

fD)s:= 3 f(Vsa.

AESpec D

tD tA

. . _+D2 _+)\2 .
This now defines what is meant by e™"": we use A — e as our function.

We first need to check for reasonable f that f(D) is actually a well-behaved operator,
since it is not immediately clear the output is in L?(£) or that it maps smooth sections
to smooth sections. This requires the following estimate.

THEOREM 4.2 (Elliptic estimate for Dirac operators). Let D be a Dirac operator on a
Clifford bundle €. For any k > 0 there is a constant C}, such that for any s € C*°(€)
we have

Islls+1 < Crllislle + Dsllx)

where || - || denotes the Sobolev k-norm on C'*°(X). Note that this is non-canonical
on C*°(X) for X a compact Riemannian manifold, but well-defined up to equiva-
lence).

Proof. See [Roe99] Proposition 5.16. O]

We can then deduce the following lemma.
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LEMMA 4.3. Let f be a bounded function on SpecD. The operator f(D) is well-
defined on L*(£), and maps C>(€) to C*(&).

Proof. Since f()) is bounded, we have || 3, cg ..p f(A)sal| < N|s|| for some N. The
main difficulty is checking that this operator respects smooth sections.

To see this, we note that a section s of £ is smooth if and only if each component s, of
the Fourier expansion has
N
[sall = O(AI™Y)

for each N. That is, the terms of the Fourier expansion are rapidly decreasing. It is
clear that a smooth section satisfies this estimate, for the same reasons as usual Fourier
analysis.

By Theorem 4.2, this means we have the estimate
[sxlli < CeA¥[[sall < CpX¥Is]].

for the Sobolev k-norm (note that the Oth Sobolev k-norm is the L? norm). Here, we
repeatedly apply the elliptic estimate for s, to reduce down to Oth Sobolev space, which
is isomorphic to L?(€) by Parseval’s theorem. Then we use ||sy|| < ||s]|. The rapid decay
condition on s, implies convergence in each Sobolev space, and so for the resulting
sum ), sy all derivatives exist. It follows that s is smooth if and only if s, are rapidly
decaying.

Now the claim that f(D) sends smooth sections to smooth sections is clear, since the s
will remain rapidly decaying after applying f(D). O

If we control the growth of f, we can hope to show f(D) produces smooth sections.

DEFINITION 4.4. A function f on Spec D is called rapidly decreasing if f(\)is O(|]\|~)
for each .

DEFINITION 4.5. An operator A : L*(£) — L?*(€) is smoothing if we have for a
particular section K of £ X £* over X x X that

As(y) = /X K (2, 3)s(y)dvol(z)

for all smooth sections s.

The following proposition confirms this expectation that f (D) produces smooth sections
and justifies the terminology smoothing. Note that knowing A is smoothing is much
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more useful than just knowing it produces smooth sections since it gives us the existence
of a kernel K.

PROPOSITION 4.6. If f is rapidly decreasing, f(D) maps L*(£) into C*°(£). More-
over f(D) a smoothing operator.

Proof. The first claim is immediate: if f is rapidly decreasing, then the Fourier compo-
nents of f(D)s are rapidly decreasing and hence f(D)s is smooth.

Next, we consider the claim that f(D) is smoothing (that is, it is described as f(D)s(y) =
Jx Ki(z,y)s(y)dvol(z) for a kernel K;). The main idea is that the projection operator

Ty - S Sy
onto the \-eigenspace is smoothing, which is just due to Fourier analysis.

Moreover we can control the growth of the smoothing kernel K, for 7, by choosing
¢(k) for each k so that there is a Sobolev k-norm on X x X where the || Ky ||, < CpA®),
This part is somewhat nontrivial.

Let 7 be a smoothing operator with kernel K. We’ll start with proving the claim that
| K||2 < C|r]|op for some constant C' depending on X where the latter is the operator
norm

v max
Illop = Flifla=1

of 7 as an operator L*(&) — CY(&)

/ e >dvol<y>'

Let us consider the case of a trivial vector bundle £ where the integral kernel K is just
a function. We can observe that the square of the L? norm of K is given by

//XXX (2, y)[2dvol(z)dvol (y) = / (R )dvol(x),

which is seen by expanding 7 as an integral of K, (we use the conjugate so we get
K (z, 9)]?).

To prove ||K||2 < C||7[lop, we use the formula [, (K (x,—))dvol(z) for the square of
the L? norm of K. Now using the operator norm of 7, we have a pointwise bound

/XW(K( T)dvol(x /||7T||0p|u( Y {ladvol(z).

K(z, )13 < [x I7llop|| K (2, —)||2dvol(z). This is bounded above by

</X”W”§p> </ |z, =) [3avol >)1/2




by Hoélder’s inequality applied to ||/ (z, —)||2 and the constant ||7||,,. But now we
see [, | K (z,—)|j3dvol(z) is just [[, K (z,y)|*dvol(y)dvol(z) = || K (x,y)|[3. Can-
celling away a factor of || K (x,y)]|s, it follows that || K (z,y)|l2 < vol(X)Y?|7|lep. By
considering local trivializations, the case for general £ follows.

From this, specializing to the projection 7, we want to show that the Sobolev k-norm of
K, is bounded by Cj\¢ for ¢ depending only on k. For k = 0, this is the L? norm, and
what we have just shown is that || K ||2 < C||mx]|op. The operator norm of an orthogonal
projection is < 1, so the claim for £ = 0 follows. Inductively, we can apply Theorem 4.2
to the Clifford module £ X £* on X x X. We obtain

[ KA [e41 < k(1K |k + [[DEA][&),

where D is the induced Dirac operator on £ X £*.

It follows that for rapidly decreasing f that

=3 fm

A€Spec D

converges in the space of smoothing kernels on X x X due to the bound on Sobelev
k-norms of the kernels K. In particular, we can write the desired smoothing kernel K
as ), f(M\) K, and this converges. O
Specializing to f(D) = e~'"*  the functional calculus for Dirac operators now gives
precise meaning to this for each ¢. Moreover, due to the exponential decay, we know that
applying e~'P* will output smooth solutions, so it indeed makes sense to use e"°”s; to
give a solution to the heat equation on X.

We also now know, again due to the exponential decay, that there is a time-dependent
heat kernel K, such that

etD2s(y):/XKt(x,y)s(y)dvol(a:).

4.2 The supertrace of ¢ 2’

Recall L?(€) has a decomposition according to £ = £, & &_, and so we define str(A) :=
tr(eA) where ¢ is the grading operator induced on L?(€) by the decomposition: it is —1
on L*(£_)and 1 on L*(&,).

However, it is not entirely clear that tr(¢A) has meaning. For this, we will need some
harmonic analysis. If we have smoothing operator A on L?(€) given by a kernel K then
we can write it A = BC where B and C are Hilbert-Schmidt operators' represented by

!'Recall this means the Hilbert-Schmidt norm, essentially the matrix norm, is finite.
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continuous kernels. This property is called being of trace-class, giving us a reasonable
definition
tr(A) := (B*,C)ps = tr(BC).

where the inner product is the Hilbert-Schmidt inner product. Note that this is indepen-
dent of the factorization.

The reason this factorization is possible is because (1+D?)~" for N >> 0 will be Hilbert-
Schmidt with continuous kernel as by repeating the argument of Proposition 4.6 shows
we can get just a continuous kernel if f(\) = O(A™") for some large N. Then we can
use this and (1+D?)V A: the operator A is Hilbert-Schmidt since it is given by a smooth
kernel, and (1 + D?)" is bounded so the product is Hilbert-Schmidt. We are therefore
in the position to make the following definition.

DEFINITION 4.7. Let A : L*(€) — L?*(€) N C*°(€) be a smoothing operator where
€ is a graded Clifford bundle. We set
str(A) = tr(gA),

where we use that €A is again smoothing and has a decomposition BC into Hilbert-
Schmidt operators to define

tr(eA) = tr(BC).
We note that the supertrace str(e*tDQ) can be computed by an integral as well, using the

following lemma with A = e~*®” as the smoothing operator (which is now possible due
to Proposition 4.6).

LEMMA 4.8. Let A be a smoothing operator given by a kernel K on L?(£) where £
is a graded Clifford bundle. Then

str(A) :/XstrK(.:E,a:)dvol(x).

Proof. Factorize A = BC and B and C are Hilbert-Schmidt with continuous kernels.

We can see

K(x,z):/XKB(x,y)Kc(y,z)dvol(y)

since if we integrate with this formula for K (z,y) we get
| Ke.g)sty)dvol() = BCs(y).
X
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Now we can observe that [|[A|%g = [y« [K(z,y)?dvol(z)dvol(y); the polarization
identity tells us that therefore a similar integral formula holds for the Hilbert-Schmidt
inner product, which will yield

tr(A) = /X XKB(:L‘,y)KC(y,x)dvol(x)dvol(y).

But using the previous expression for K (x, y), it is then clear that tr(A) = [, K (x, z)dvol(z).
Generalizing to Clifford bundles, we obtain tr(A) = [, tr K'(z, z)dvol(x), from which
the supertrace version follows by dividing into £, and £_. ]

With this discussion out of the way, we can now explain the connection between the
heat kernel and the analytic index.

LEMMA 4.9. Ast — 0o, we have str(e '°*) = a-ind(D).

Proof. By definition, as t — oo the operator ¢~* tends towards the orthogonal projec-
tion onto ker D. The supertrace of this operator is dimker D, — dimker D_. [

The heat kernel then gives us an integral yielding the analytic index in the limit as t —
00, giving some hope at relating it to the topological index. We will see in §5.1 that this
supertrace is independent of ¢, and in fact as ¢ — 0 the integral of the heat kernel will
be how we obtain the topological index.

It is therefore important to understand the asymptotic expansion of the heat kernel for
small . We will later refine this asymptotic expansion to be more usable using Getzler’s
approach.

5 'The proof of the index theorem

5.1 The McKean-Singer formula

Recall that we observed in Lemma 4.9 that
a-ind(D) = str(e*"")

in the limit as ¢ — oo. Taking this argument a bit further, we can actually see this
supertrace is independent of ¢, so there is no need to take a limit as ¢ — oo.
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THEOREM 5.1 (McKean-Singer, [MJS67]). Let X be a compact oriented Riemannian
manifold, and £ a graded Clifford module on X with Dirac operator D. We have for
allt > 0

a-ind(D) = str(e ") = /Xstr(Kt(x,x))dvol(x).

We regard K, (z, x) as an element of £, ® £ ~ End(&,) to take the supertrace.

Proof. We adapt the version of the argument presented in §4.2.3 of [Nic13]. Roe gives a
more general argument in Proposition 11.9 of [Roe99] for certain operators of the form
f(D) and also outlines the same argument in the special case of e~*P*,

The idea of the proof comes from the fact that D? has a square root D to get isomorphisms
between eigenspaces. In particular, by definition we have

str(e %) = Z (nf — n;)e_t/\2

A€Spec D

where nf\E is the dimension of the + component of the eigenspace for A. Since D is odd,
this means D? is even and so will commute with the Z/2Z grading on C*(£) induced
by the one on £.

Now we use the fact that D gives an isomorphism between the positive and negative
components of the A-eigenspace when A\ > 0, being odd by definition. In particular,
(ny—ny) = 0for A > 0 due to these isomorphisms. It follows that only the 0 eigenspace
can contribute to the supertrace: this contribution will be dimker Dy — dimker D_,
which is the analytic index of D.

For the final equality str(e ***) = [, str(K;(z, x))dvol(z), we note that e=** is smooth-
ing and is given by the kernel K(x,x) by Proposition 4.6. We can pull the supertrace
inside by Lemma 4.8. [

The definition of D depends on the metric g on X as well as a connection V¢ on £. The
previous result tells us these choices do not matter.

COROLLARY 5.2. The analytic index a-ind(D) is independent of the metric on X and
connection on &.

Proof. The index varies smoothly in these quantities by Theorem 5.1 as K;(z, x) does,
but is an integer. Thus, it is constant. O]

We now see that we can write the analytic index as an integral of str( K;(x, x)) over X. It
remains to relate this integral to A(X) A ch(€/S), which will be done using asymptotics
of the heat kernel as ¢ — 0.
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The obvious first approximation comes from the classic heat kernel on Euclidean space,
given by
1

W exp(—|z — y|2/4t).

On our Riemannian manifold X, using the intuition that the heat kernel should approx-
imate the Euclidean one as it is locally isomorphic to Euclidean space, we take

hi(z,y) = —— exp(—d(z,y)?/41)

(47t)
where d(z,y) comes from the metric ¢ on our manifold X.

The following theorem tells us about the higher order terms of the approximation h,(z, y) ~
Ky (I, y) :

THEOREM 5.3 (Asymptotic expansion). Let X be a compact Riemannian manifold
equipped with a Clifford module £ and Dirac operator D. Let K;(—, —) denote the
heat kernel of X. Then there is an asymptotic expansion

Ki(2,y) ~ hy(z,9)(Oo(z,y) + 101 (7, y) + t?°Oa(x,y) +...)

where the ©, are smooth sections of EXE*. Moreover, ©(z, z) can be computed via
algebraic expressions involving the metric, connection coeflicients, and derivatives

of both.

Sketch. We follow the argument for Theorem 7.15 in [Roe99]. Suppose that the heat
kernel K;(z,y) is represented, in local coordinates near y, by

(x,t) = he(x)(uo(z) + tuy(z) +...),

where 5;() is the Euclidean heat kernel. Let r* = 3~ g”x'27, so that

1 2
_ —r? /4t
halw) = (47Tt)”/26 '

For any section s of £ ® 5;‘, we have the formula

1
hy

dg 1
0+ D) hys = 35 + D% + — L5+ ~V, /0, 1
(H— ) +S s + S+4gt(‘)r$+tv8/as (1)

To make sense of %, we actually use g = det(g;;). The derivation of (1) uses a few
relations, all of which are not difficult to prove.

« D*(fs) = (Af)s —2Vyys + fD?s.
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« Vhy= L2

2t or®

. Bht + Ah; = Z:t ai where g = det(g;;) as in (1).

We apply the first item to expand ;- -(0 + D?)(hys), and the second two to simplify to
the right hand side of (1). The second item lets us turn Vyy, into the V,4/5,s, and the
third item lets us remove the A f term.

From this, we will want to put s ~ ug + tu; + t?uy + . . . where u; are independent of ¢,
and then try to use (1) to recursively find the u; for s such that (9; + D?)(h;s) = 0. We
then obtain by looking at the coefficient of #*~! term by term on the right hand side of
(1) that

r
iu; + Dy —

4g Or

Now this can give us a recurrence. Introducing an integrating factor of g

uz + Vra/aruz = 0.

1/4 we obtain

Va/arrigmui = —Ti_191/4D2Ui—1

for 7 > 1 and that the right hand side is 0 when 7 = 0. This means uy is determined by
its value at 0 which is fixed as 1 by convention, and that u; is determined by u;_; up to
a constant of order ~*. But smoothness at the origin makes this vanish, so the u; are
uniquely determined. We fixed y when we began, and it is straightforward to assemble
this into the desired asymptotic expansion for the ©,. By working through what happens
in the recurrence, we obtain the last condition about the ©, being computed by algebraic
expressions in the metric, connection coefficients, and derivatives of both. OJ

Using Theorem 5.3, we get

D2 1
str(e™P%) ~ W (/X str(@o)dvol—|—t/Xstr(@1)dV01+ . > :

By Theorem 5.1, we obtain a less useful index theorem

1
a-ind(D) = W/Xstr(@n/Q)dvol.

This is still not obvious, as the leading part of the asymptotic expansion is O(t~™/2) and
so it appears the supertrace should diverge as ¢ — 0. We really need to appeal to the
independence of ¢ to ensure this makes sense.

Note that this result also explains why we assume the dimension n = dim X is even
throughout. If it is odd, then the analytic index is always zero, so there is no content
to the theorem. It is possible to work out small cases of the index theorem by directly
working out an expression for ©,, /5, but this gets increasingly difficult as n grows larger.

26



5.2 Getzler’s asymptotics

We previously obtained

a-ind(D) = str(©,,/2)dvol.

1
(471')”/2

Having observed that computing ©,,/, directly to obtain the supertrace is impractical,
we will need an alternate method to obtain the index theorem that bypasses writing
down a formula for ©,,/5. In the previously established asymptotic formula

Ki(z,y) ~ hy(z,y)(Oo(z,y) + tO1(x,y) + ...)

we will note str(0,,/2) can be understood in terms of a symbol map o, : C*(EXE*) —
C=(C[[TX]] ® A*(TX) ® Endcix)(€)) (which can be applied to the ©; in particular).

It turns out we can understand the heat symbol
ht(O'o@o + t02®1 + .. )

as this satisfies a differential equation we can explicitly solve. We will then relate this
back to the supertrace computation we attempted earlier. The material in this section is
largely from Chapter 12 of [Roe99], which gives an exposition to the paper [Get86].

We have already seen some of the first ideas leading to Getzler’s symbol map. When
understanding the twisted Chern class, we exploited the isomorphism of super vector
bundles

End(€) ~ CI(X) ® Endeix)(€).

This induces a filtration on End(€). Namely, we have a filtration on Cl(X) coming from
the filtration on Cl(V, @) induced by the grading of T(V) (it is not a grading because
we imposed relations). Putting Endcyx) (&) in degree zero, this induces a filtration on
End(€) called the Getzler filtration.

The Clifford algebra C1(V, Q) also came equipped with a symbol map
o:ClIV,Q) — A*V

sending v to its corresponding element in the associated graded algebra, which is A*V.
This globalizes to a symbol map

o : End(€) ~ A*TX ® Endeyx)(€),
which naturally has graded components o,,, coming from the filtrations on both sides.

Our goal is to be able to formulate a version of the symbol ¢ that can be applied to
the ©;(z,y) in the asymptotic expansion of Theorem 5.3. These are smooth sections of
E X &*, but we can use the symbol above on End(€). We have a Taylor expansion map

2 C®(EREY) — C°(C[[TX]] ® End(€)).
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Here, C[[TX]] is the bundle whose fibers over each 2 € X are the rings of formal power
series C[[T,X]]. We will describe this map fiberwise. Fixing y € X, given a section
s € C*(E X &) there is a Taylor expansion in x of the function

sy(x) 2 s(x,y),

which we can view as a section of £ ® £;. The function s,(z) has the form s,(z) ~
>« Sax® by using the usual Taylor expansion. The s, here are sections of € ® € parallel
along geodesics coming from y. In particular, the s, are determined by the value at
x = y which live in in End(&,). Hence, the Taylor expansion at y naturally is viewed as
a section of C'°(CJ[T,X]] ® End(&,)), and these expansions smoothly assemble into X.

Now we can apply the previous symbol map on End(€) to produce a final symbol map
0o : C(EWET) = C(C[[TX]] ® A*(TX) ® Endeyxy(€)).

There is once again a clear filtration on the target of the symbol map, by putting Endcyx)(€)
in degree zero, A*(TX) with its natural filtration, and C[[TX]] the filtration where a
monomial z® has degree —|a| (we use the metric g on each tangent space T, X to give
this meaning). We again call this the Getzler filtration.

DEFINITION 5.4. We say s € C*°(E X E*) has Getzler order < m if 0,(s) lies in the
degree < m part of the Getzler filtration on C'*°(C[[TX]]® A*(TX) ® Endcyx)(€)).

0

The symbol map o, gives graded components which we denote 0,,, and we use o,,

for the constant term in the Taylor series 7,,(s).

It is worth remarking that C*°(£ X £*) can be regarded as consisting of smoothing
operators (by writing down the corresponding kernels). However, the symbol does not

respect the composition of smoothing operators. It does respect the action of the algebra
of differential operators D(E) on C*(E K £*).

The key idea relating the symbol back to the supertrace is the following.

LEMMA 5.5. We have

Str(0,,2(, 7)) = (—20)"?str°/%(62(0,,)2)).

Proof. Recall that ©,,/5(z, ) at = yields an element of £, ® &£ ~ End(&,), hence it
defines an endomorphism we can take the supertrace of.

This is a consequence of a more general identity, which tells us that for an endomorphism
c® F of a Clifford module £ (using the decomposition End(&) ~ CI(V) ® Endcivy(€))
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we have
str(c ® F) = str(c)str®/9(F).

Here, we take the supertrace of ¢ regarded as an endomorphism of the spinor module
S. Moreover, via representation theory one can show str(c) = (—27)d™V/2
when we pick a basis ¢; of V and write ¢ =} e 115 qimvy Ce [Lece &

C1,2,...,dimV

Now this tells us that str(0,,/2(z, ©)) can be computed in terms of the top degree compo-
nent of ©,,; in the Geztler filtration coming from End(&) ~ CI(X) ® Endcy(x)(&). This
is precisely what the symbol ¢ gives us by construction, which proves the claim. [

Motivated by this, we will aim to explicitly obtain the heat symbol W = h;(00©o +
to9O, + ... +t"%0,0, /2) rather than the full asymptotic expansion of Ky(z, x), as we
are only interested in the supertrace. This will allow us to give an explicit formula for
02671/2-

In doing this we will need to find a differential equation W satisfies, but for this we need
a symbol for differential operators and not just smoothing operators.

DEFINITION 5.6. Let Diff (€) be the algebra of differential operators on €. This is the
algebra generated by Clifford multiplications, covariant derivatives, and sections of
Endcx)(€) with the natural relations.

We give Diff(£) a filtration as follows:
« Elements of End¢(£) have degree zero.
« Elements of the form cl(V') for V' a vector field on X have degree one.

+ Covariant derivatives Vy for V' a vector field on X also have degree one.

If V is a vector space, let PDiff(V) be the graded algebra of polynomial differential op-
erators on V generated by xo‘% in degree || — |a|. This yields a bundle PDiff(TX).

There is a filtered symbol map
0. : Diff(£) — C*(PDiff(TX) ® A*TX ® Endcyx)(€))

where we give the target the filtration given by assigning Endcx)(€) degree zero, and
the other components their natural graded structures.

It is uniquely determined by what it does on generators of Diff(&):
« For F' € Endgyx)(€), we have oo(F') = F.
« Clifford multiplication cl(V') by V is sent by o, to exterior multiplication by V.

» Covariant derivatives are sent by o to dy + 1(RV, —).
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In the last item we regard R as a 2-form with values in End(TX) so thatv — (R, V,,v) is
a linear map T,X — A?T*X. Via the metric, identify the tangent and cotangent spaces
so we regard this as a polynomial function on T, X with values in A*T,X. It follows
1(RV, —) lies in PDiff(TX) ® A*TX.

We omit the proof the following lemma, since what is actually notable is the corollary.
LEMMA 5.7. Let T € Diff(€) be one of the generators: an element of Endcyx)(£),

Clifford multiplication, or a covariant derivative. Let i be the degree in Diff(£) it
lies in (either 0 or 1). If f is a smoothing operator,

0i+j(Tf) = 0:(T)o;(f)

where T f is again a smoothing operator.

COROLLARY 5.8. The symbol map o, is well-defined on Diff(£), and satisfies
Ui+j(Tf) = Ui(T>Uj(f)
for T € Diff(£) and f € C*°(€ K £*) corresponding to a smoothing operator.
Proof. As given, the symbol o;(T) is potentially different for distinct ways of writing T

in terms of generators of Diff(£). Let T and T’ be two such representations of the same
element of Diff(€). Repeatedly applying Lemma 5.7, we obtain

0iri(Tf) = 0i(T)o;(f) = a:(T")o;(f).

They both give the same value for o, ;(Tf) as they are representations of the same
element of Diff(£). As o;(f) can be an arbitrary formal power series, this implies
0i(T) = 0;(T'). Thus, the symbol is well-defined on Diff(&). This implies that

0i+j(Tf) = 0:(T)o;(f)
independently of the representation of T in generators. [

We are now ready to study the heat symbol W = h;(0¢©¢ + 0201 + ... + t”/Zan@n/g),
as we can formulate correctly the differential equation it satisfies.

THEOREM 5.9. Assume dimg X = n, which must be even due to the constraints on
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X. Ast — 0, we have an asymptotic expansion

Kt<x7 y) ~ ht(xv y) Ztl@l(l', y)

>0
The O;(x,y) are of Getzler order < 2i. Then the heat symbol
W= ht(O()@o + tO’g@l + ..+ tn/QO'n@n/Q)

satisfies
oW + 02(D2)W =0

and moreover is the unique solution of the form h (v + tv; + ...+ "2y, /2) Where
v; has order < 2¢ and vg = 1.

Once we have this, getting the asymptotic result we need is a matter of directly solving
this differential equation. Due to the uniqueness claim, all that is necessary is to verify
a solution works.

Proof. To see this, we just need to derive the asymptotic expansion as in Theorem 5.3
and pay close attention to the construction of ©;. We started by writing K;(x, y) in local
coordinates near y as

(x,t) = hy(z)(uo(x) + tug (z) + .. .).

Then, we ultimately derived recurrences

for i > 1 and that the right hand side is 0 when ¢ = 0. Here, 7 = ), ; gUx'a?. We
argued using smoothness that the value u¢(0) = 1 uniquely determines the expansion
from here.

Now, take Taylor expansions on both sides of this recurrence and use that V5, annihi-
lates synchronous sections (parallel along geodesics through y). Then we can argue by
induction that the u;, as sections of £ ® 5;, have Getzler order < 2i (so the same applies
to ©; with the actual map o, not just the fibers at each y). Moreover, we see inductively
that

Or(r'ogi(u;)) = r' oo (D)oo (ui_1).

Here, we are using both symbol maps: differential operators in Diff(£) apply on both
sides, it is necessary to use Corollary 5.8 to evaluate the symbol.

These are the exact same relations for the asymptotic expansion coefficients of ;W +
02(D*)W = 0, which determine solutions uniquely given uy(0) = 1. This proves the
claim. O
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For solving this explicitly, we need to understand o(D?). This can be done by explicit
computation in local coordinates using the formula

1
D? = ViVe + 75 + cl(FE/9).

where s is the scalar curvature.

LEMMA 5.10. We have

2
o 1 4
02(D?) == (axi +5 ZRijxﬂ> + FE/S,
J

i

The matrix R is skew-symmetric, and F' is a 2-form with values in Endcx)(€).

Proof. Pick a local orthonormal frame e; with coordinate functions z’. As remarked, we
can apply the identity

1
D? = ViVe + 5t cl(FE/5),

We can see 05(s) = 0 and
oo (cl(FE/%)) = F¥/3,

since cl(F¢/5) = Dici cl(e;)cl(e;) FE/%(e;, ;). This means applying o gives just F'€/5 =
Zi<j FE€/5(e;,ei)e; A ej.

What remains is to compute 05(VEVe). We can do this at a point € X, whereupon
picking a local orthonormal frame we have the formula at

ViVe=—-)Y V?

at 2. The symbol is then — Y. 01(V;)?, which we know from what the symbol does to
generators of Diff (£). We obtain

2

Ug(Vng) = — Z <8z + Z Z Rijx]> .
i J

Putting everything together, we get the claim. ]

The idea behind solving 9;W —o9(D?)W = 0 is to try to reduce to the case of a harmonic
oscillator.
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ProrosITION 5.11 (Mehler’s formula). The differential equation

for a € R has an explicit solution given by

(2.1) = a 1/2 . —ax? coth(2at)
Y=\ on sinh(2at) P 2 '

This is the kernel for the harmonic oscillator. Now we are ready to explicitly solve
W — 05(D?*)W = 0 on X. This is the analytic heart of the proof where we first

Shff t/; /2> for the K—genus and

see characteristic classes appear in the form of det!/? <

exp(—tF€/9) for the twisted Chern class.

ProposiTION 5.12. The differential equation
W — g5(D*)W =0

has a solution which is explicitly given by

— n/2 1/2 R tR £/S .
W (x,t) = (4rt) det SnhiR /2 72 exp | — t< 5 coth — 5 z,x) | exp(—tF?)

Proof. We will perform a series of reductions to show it suffices to know Mehler’s for-
mula to give a solution. First, it suffices to reduce to the case of scalars and solve

2
ow 0 1 ,
E—; (89@’ _'_Z_l;RijmJ) w+Fw:0
where R;; is a skew-symmetric matrix of scalars and F'is a scalar. If we show

tR/2 LR R
— -n/2qepl/2 ( 22 _ _
w(zx,t) = (4nt)""™*det <smht /2) exp ( 4t< 5 Coth >) exp(—tF)

is a solution, we are actually done.

The proposed global solution W(z,t) is required to solve ;W — 05(D*)W = 0. We
can expand o(D?) to get it in the previous form but instead with F' and R in terms
of 2-forms rather than scalars. By taking the solution w(x,t) in the scalar case and
viewing everything as formal power series in /2 and F' (which converge, since entries
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are 2-forms which are nilpotent), we see it formally follows from the scalar case that
W(z,t) is a solution.

Once we have made this reduction, it is clear that it suffices to solve the differential
equation explicitly when ' = 0 by change of variables. Further, since R is a skew-

-0 0)°
reduces us to the case where R is a f2 by 2 matrix, which can now be done via Mehler’s
formula.

symmetric matrix, by a change of basis we can break it into blocks ( 00 This

Indeed, we note that the differential equation for w is given by

ow
L Hw =
D +Hw =0

where

1
H= l—(@f + 85) — 166 (2* + y2)l+ {Eﬁ(xay — yam)} )
X J - L
Hq

The purpose of separating the terms Hy and H; in square brackets is that Hjw = 0
by rotational invariance of the proposed solution for w. Thus, we just need to check
Oyw + How = 0.

Then we can separate variables into x and y; individually, in each of these (for example,
x) we have the differential equation

ow  FPw 1, .,

, 1/2
which has explicit solution (47t) /2 <sin;t(9i{92 ) > exp(—gifz? coth(itf /2)) by Mehler’s
formula. Note that previously we stated it for a € R, but by analytic continuation of the

solution it is fine to take sufficiently small a € C.

Taking the product of these yields

w(z, ) = (4xt)~! (%) exp (—%iﬁ]w\zco’ch(iteﬂ))

where we now take x as a vector in two coordinates. This is a solution of the desired

form when R = _09 g and F' = 0. The general case then follows. ]
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COROLLARY 5.13. The solution W(x, t) as in Proposition 5.12 is equal to

ht<0'0@0 + tO’g@l + ...+ Ifn/20'n@n/2).

Proof. This follows from the uniqueness in Theorem 5.9 once we verify that the solution
W(z, t) of Proposition 5.12 has the form h;(vg + vy + . .. +"/?v,,/2) where v; has order
2i and vy = 1, as this tells us W(x,t) = hy(00O0 + 0201 + ... + t”/2an@n/2). O

Having obtained an explicit version of a heat kernel asymptotic, we are now interested
in the supertrace of ©,,/>(x, x). Fortunately, this is easily computable.

Thus, it just a matter of computing Zf:/ 2 99,(©;) and taking the n-form part.

COROLLARY 5.14. We have

n/2

R/2
00 — depl/2 (1= _1€/S
;JQZ(@Z) det (sinh R/Q) exp(—F</7).

Proof. Evaluating W(z,t) at v = 0 and ¢t = 1 to get the 09, (recall these are constant
terms in the Taylor expansion), we get the result. ]

5.3 Putting it all together

With Corollary 5.14 in place we just need to combine all of the main results we’ve seen
so far.

THEOREM 5.15 (Atiyah-Singer). Let X be a compact oriented Riemannian manifold,
and let £ be a graded Clifford bundle with Dirac operator D. Then

a-ind(D) = t-ind(D).

Proof. Ast — oo, we have already seen

a-ind(D) = tlim str(etP")
— 00

in Lemma 4.9. By the McKean-Singer formula, the analytic index can be expressed as

a-ind(D) = str(e*P*) = /XKt(x,:p)dvol(x)
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independently of t. Thus it can also be computed by finding the limit as ¢ — 0*. In §5.1,
we noted that this implies

1

a-ind(D) = W/Xstr(@n/Q)dvol.

Now note that
Str(0,,2) = (—20)"*str*/562(0,, ).

n

The right hand side (—2i)"/?str®/96%(0©,,/2) by Corollary 5.14 yields

R/2

str(0,,/2) = [(—zi)n/zdetl/z (W

) Astr(exp(—F¢/5))| .
[n]

Here, the subscript denotes the n-form part. This is precisely (—2i)™/?(2mi)"/? = (47)"/?

times the n-form part of A(X) A ch(&£/S) since in the definition of the Chern class we
divide F¢/% by 27i. We obtain

~

a-ind(D) = /XA(X) A ch(E/8S) ) = t-ind(D).

References

[AS63] Michael Atiyah and Isadore M Singer, The index of elliptic operators on compact
manifolds, Bulletin of the American Mathematical Society 69 (1963), no. 3, 422—
433.

[AS68] Michael Atiyah and Isadore Singer, The index of elliptic operators: I, Annals of
mathematics (1968), 484-530.

[Fre87] Daniel Freed, Geometry of dirac operators, 1987.
[Fre15] _, Math 392c: K-theory, 2015.

[Gel60] Israel M Gel'fand, On elliptic equations, Russian Mathematical Surveys 15
(1960), no. 3, 113.

[Get86] Ezra Getzler, A short proof of the local atiyah-singer index theorem, Topology 25
(1986), no. 1, 111-117.

[MJS67] Henry P McKean Jr and Isadore M Singer, Curvature and the eigenvalues of the
laplacian, Journal of Differential Geometry 1 (1967), no. 1-2, 43-69.

[MS74] John Willard Milnor and James D Stasheff, Characteristic classes, no. 76, Prince-
ton university press, 1974.

36



[Nic13] LiviulNicolaescu, Notes on the atiyah-singer index theorem, University of Notre
Dame (2013).

[Roe99] John Roe, Elliptic operators, topology, and asymptotic methods, CRC Press, 1999.

37



	Overview
	Clifford bundles and Dirac operators
	Clifford bundles
	Dirac operators
	Chern classes on Clifford bundles

	The analytic and topological index
	The analytic index
	The topological index

	Heat kernels
	Calculus of Dirac operators
	The supertrace of exp-tD2

	The proof of the index theorem
	The McKean-Singer formula
	Getzler's asymptotics
	Putting it all together


